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ABSTRACT

Thisarticledescribestheuseofsimulationtoinvestigateincipientchaoticbehaviourininventory
models. Model structures investigated were either capacity limited or of variable delay time,
implementedindiscreteandcontinuoustransformalgebras.Resultsindicatetheabsenceofchaos
foracontinuoustimemodelbutgavelimitedevidenceforchaosinbothunrestricteddiscretemodels
andthosewithapositiveordersonlylimit.Theresponseswhereinteractionwiththecapacitylimit
occurred did not confirm chaotic behaviour at odds with published results. Using the Liapunov
exponentasameasureofchaoticbehaviour,theresultsindicated,wherethedelayvariesinproportion
toorderrate,alargerfixeddelayreducedtheLiapunovexponentasdidincreasingthedependenceof
delayonorderrate.TheeffectofthemodelstructuresshowedthattheIOBPCSmodel,producedthe
largestLiapunovexponent.ReducingthediscretemodelupdatetimereducedtheLiapunovexponent.
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INTROdUCTION

Inmodernengineering,scienceandmanagementgreatuseismadeofmodelstoenablepredictionsto
bemade.Studiesofthedynamicsofphysicalandhumansystemsareusuallybasedonexperiments
andonthedecisionprocessesusedtocontrolthem.Suchstudiesofthevariationwithtimedepend
ontheinitialconditionsandontheparameterstobedetermined,usuallybyexperimentbutalsoby
theoreticalanalysis.Somedeterministicdynamicsystemshavebeenshowntobesubjecttochaotic
behavior(Drazin,1992).FawcettandWaller(2011)haveshownclearlywhyrigoroustheoretical
analysisofbusinessprocessesisasimportanttoprogressasmorepracticaldiscussions.Theyargue
fordualapproachbutwithrigorousevaluationofallresearch.Thispaperattemptstoanswerthe
questionwhetherevidenceforchaosinsupplychainsisreal.

ChaoshasbeendefinedbyWilding(1998)as“…aperiodic,boundeddynamicsinadeterministic
systemwithsensitivitydependenceoninitialconditions,andhasstructureinphasespace…”Wilding
furtheroutlinesthesetermsas:
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• Aperiodic:Thesamestateisneverrepeatedtwice;
• Bounded: On successive iterations, the state stays within a finite range and does not

approach±infinity;
• Deterministic:Thereisadefiniterulewithnorandomtermsgoverningthedynamics;
• Sensitivity to initial conditions:Twopoints that are initially closewill drift apart as

timeproceeds;
• Structure in phase space:Nonlinearsystemsaredescribedbymulti-dimensionalvectors.The

spaceinwhichthesevectorslieiscalledaphasespaceorstatespace.Thedimensionsofthisphase
spaceareaninteger(Abarbanel1996).Chaoticsystemsdisplaydiscerniblepatternswhenviewed.

Chaosisdefinedasadeterministicbehaviorofasystemgovernedbyfixedrulesinvolvingno
randomelements.Thesensitivitytoinitialconditionsissuchthataminorchangeinanyvariablemay
resultinatotallydifferentresponse.ThompsonandStewart(2002)statethatchaosisunpredictable
overlongtimescalesbecauseanytwophasespacetrajectoriesstartingclosetoachaoticattractor
will separate as they progress in time. The separation rate will depend on the largest Liapunov
exponent(Kapitaniak,1998)thatisrelatedtothesystemeigenvalues.Thephenomenonisreferred
toasDeterministicChaos.

Chaotic behavior has been found in cardiac systems (Garfinkel et al, 1992), stock market
performance(Weis,1992)andmanagementoftelephoneexchanges(ErramilliandForys,1991).

Whenamodeliscreatedofthechosensystemexperimentalmeasurementsmaybeused.The
ultimateaccuracyofexperimentsisnecessarilylimitedbothbytimeandmoneyandbythecharacter
oftheparametersthemselves.Itisthereforeimperativetodeterminewhateffectsmallchangesin
valueofparametershaveontheoverallsystemperformance.Thisnotonlyhasabearingonwhether
thesystemasdescribedbehavesasneededbuttoseeifthemodelisatruerepresentationofthe
realsystemi.e.toseehowsensitivethesystemistoparameterchanges.Areviewofthehistoryand
progressinunderstandingchaosisgivenbyThompsonandStewart(2002).

Insection2areviewispresentedofthepublishedevidencethatchaoticbehaviorexistsinsupply
chains.Theoriginalpurposeofthisresearchwastoexaminewhetherthereallimitsinaninventory
modelwerethecauseofchaosobservedinthebehaviorofinventorysystems.Thisisfollowedbyan
examinationofvariousmodelsofinventoryoftheAPVIOBPCStype(Lalwanietal.,2006)toseeif
theyincurchaoticbehavior.Theresultsofthesesimulationswillshowwhichmodelsaresusceptible
tochaosandsomeofthefeaturesthatallowchaoticstatestoexist.Someoftheobservationsmay
allowapossiblepathmanipulationtoreducetheoccurrenceofchaos.Simulationwaschosenfor
thisworksincetheconditionsarecontrollableandrepeatablewhereasobservingrealsupplychains
havetheproblemofnotbeingabletomeasurealltheparametersinvolvedandsimulatedmodels
maynotincludealltherealrelevantelements.Inthisworkwedonotincludethecostsastheseare
usuallyspecifictodifferentproductsandcompaniesandtheirinclusionwouldintroducearangeof
limitsandconditions.

Inthispaper,weexaminethreespecificareasofinventoryoperationwherenonlinearityexists
ormaybeintroduced:

1. Theapproximationsintroducedintheimplementationofadiscretemodel;
2. Theeffectsofresourcecapacitylimitsinasystem;
3. Theintroductionofvariabletimedelaysthatmaydependonothervariablesinthesystem,such

asorderrate.

SincetheAPVIOBPCSinventorymodelsareexaminedinthispaper,weexcludethepossible
caseofnonlinearinventoryorWIPgains,whicharetobeexaminedelsewhere.

In the restof thepapera review ismadeof reportedchaos in supplychains, followedbya
discussionoftheinventorymodelsusedinthiswork.Thenumericalexperimentsmadearedivided
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intothreegroups;discretemodelswithnolimits,thosewithorderrateboundariesandthosewhere
theorderrateaffectstheprocessdelaytime.Ineachcasetestsweremadetoeliminatenumerical
artefacts,simulationsweretestedforrepeatability,integrationmethodandtheaveragingprocess.
Thetestswereveryrepeatableandinternallyconsistent.Adiscussionismadeoftheimplicationsof
theresultswithconclusionsandpossiblefuturework.

REVIEw OF REPORTS OF CHAOS IN SUPPLy CHAINS

Asupplychainisagroupofagentsinvolvedinsupplyinggoodsorservicestoaconsumer,typically
afactorysuppliesadistributor,whostocksawarehousefromwhichtheretailersaresupplied.Many
ofthemanagementproblemsoftheseagentsareconcernedwithmaintainingtheirvariousindividual
inventorylevelsinthesupplychaininresponsetodemands,eitherminimizingitforleanoperations
ordeterminingthecorrectvalueforagileoperations.RiddallsandBennett(2002)determinedthat
inventory control behaves as an automatic pipeline and order-based production control system
(APIOBPCS)whichmimicsthehumanbehaviorreportedbySterman(1989)fromhisobservations
ofexecutivesduringplayingthe‘MITBeerGame.’Mosekildeetal.(1988)usedtheForrestermodel
(1961)toillustratepossiblechaoticmodesofbehaviorinsupplychainswhileMosekildeandLarsen
(1988)usedresultsfromtheMITbeergametoillustratelimitcycleanddeterministicchaosinthe
supplychain.Theyalsofoundthattheassumedorderingpolicyhadadominanteffectonthesystem
response.Pinder(1996)showedthatdemandforoilfiltersindicatedconsiderablesensitivitytothe
originalconditionswithsuspectedchaoticbehavior.

Wilding(1998)reviewedtheimplicationsofchaosforsupplychainbehaviorusingasimple
spreadsheet to predict deterministic chaos, pointing out the existence of islands of stability in
chaoticsystemtimeresponses.Basedonthisworkheoutlinedthedifficultyoflong-termplanning
andcriticallythelackofreproducibilityofsystembehavior.Alltheseeffectsarecompoundedby
theuseofERPandothermanagementsoftwaretoolsduetounjustifiablecomputerprecisionbeing
incorporatedintoschedulecalculationsandthusgeneratingverysmallparameterfluctuationsinthe
systemstart-upconditions.Larsenetal.(1999)usedtheBeergamemodelfora4-tiersupplychain,
todemonstrate;periodic,quasi-periodic,andchaoticandhyperchaoticmotionsinphasespace.The
papersupplyindustrywasshownbyHolmströmandHameri(1999)tohavedifferentdynamicsfor
themilllevelandthesalesorganizationlevel.Kumaraetal.(2003)usedaqueueingmodeltosimulate
alogisticssystem.Theyfoundclearevidenceofchaosbasedonobservationsofbifurcationandthe
magnitudeoftheLiapunovexponents.However,thepowerspectrashownintheirworkarenottypical
ofthoseofachaoticsystem(Kapitaniak,1998).

TheworkofWangetal.(2005),studyingsalesofcars,electricdrillsandairconditionersinthe
Taiwanesemarket,foundchaosandtheauthorsdevisedanewproductionlotsizingalgorithm,which
gaveverygoodresultsforanumberofexamples.

ThebeergamemodelwasalsousedbyLaugesanandMosekilde(2006)toinvestigateboundary
collisions(e.g.wheretheorderratecannotbenegativeortheorderratehasamaximumvaluethat
cannotbeexceededvalue)ina4-tiersupplychainmodelofmanufacturer,distributor,wholesalerand
retailer.Theyinvestigatedwhetherthesecollisionswouldresultinbifurcationperioddoublingfinding
exampleswheretheeigenvalueswouldjumpafterabordercollisiongeneratingaHopfbifurcation,
(Hilborn,1994),aneffectwhichisrecognizedasclearevidenceofchaos.HwarngandXie(2008)used
theBeergamemodeltomakeamoredetailedinvestigationoftheeffectsofchaosamplificationacross
thetiersofthesupplychain.HwarngandYuan(2014)extendedthisworktothecaseofquasi-chaos
whentheinputtothesystemwasitselfstochastic.Theyidentifiedsignificantinteractionbetweenthe
supplychainsystemdynamicsandthestructureoftheinputstothesystem.Theiranalysisshowing
thatextremecautionmustbeappliedinmakingdecisionsaboutorderingpolicy.YuanandHwarng
(2016)examinethestabilityandchaosindemandsystemswiththedemandprocessinfluencedby
customerbacklashandsocialmedia information.Theyfoundthatforaneffectivedemandbased
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strategicpricingpolicysocialinteractionshavetobeincluded.Recentdevelopmentshaveincluded
attemptstodevisecontrolmechanismsforchaoticsupplychainsbyGöksuetal.(2015).Inthiscase
theyappliedlinearfeedbackwithsomesuccessbyusingaLiapunovfunction(Liapunov,1949)to
achieveglobalstability.

INVENTORy MOdELS

The work described here is based on the behavior of control engineering-based system models
developedbyTowill(1982)fromtheSystemDynamics(SD)supplychainconceptsofForrester
(1961).Sincedeterministicchaosbehavioristobeinvestigatedastepinputinsaleshasbeenused
toinitiatetheresponse.

DisneyandTowill(2002),Lalwanietal.(2006)atCardiffUniversityandWhiteandCenslive
(2017)haveanalyzedanAutomaticPipeline,VariableInventoryandOrderBasedProductionControl
Systems(APVIOBPCS)extensively,todetermineitsstabilityandoptimization.

In an APVIOBPCS model of a factory and sales system (Figure 1) the sales orders are
modifiedbythefactoryusingaforecastingsystem(modelledbyaneffectiveexponentialdelayin
thisrepresentation).Thesemodifiedsalesdemandsareaddedtoafractionoftheinventoryerror,
thedifferencebetweencurrent inventoryand the target inventory,plusa fractionof theWork in
Progress(WIP)errortoproduceanorderrate.Which,afterasingledelayrepresentingthetotality
ofmanufacturingprocesses,willleadtoproductionbeingcompleted.Fromthiscompletionratethe
salesrateissubtractedandtheaccumulationofthesedifferencesleadstotheinventoryofproducts.

TheresultsofSterman(2000)showthatwhencapacitylimitsareintroducedinthesupplyprocess
thedelayedfeedbacktothehumanschedulercausesquiteoscillatorybehavior.Wilding(1998)gives
ageneraldescriptionoftheeffectschaoticresponsesmighthaveonsupplychains.

Delaysduetoproduction,forexample,aredescribedbyasimplesingletimeconstanttp.The
keytothewaytheinventorysystembehavesistherateofordering.Theinventoryerror(EINV)is

Figure 1. Simulink model of discrete APVIOBPCS without limit
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definedasthedifferencebetweenadesiredlevelofinventory(TINV)addedtoavariableinventory
target (a*AVCON)and the actual inventory (AINV).Anexponential averaging function is used
toobtainthemeansalesconsumption(AVCON)asafunctionofthesalesorders(CONS).Thisis
usedtoobtaintheorderrate(ORATE)giventotheproductionfacility,whereveritisandwhoever
controlsit.Thereisadelayintheproductionprocess.Disneyandcolleagues(2002)representedthis
productiondelayasadiscretefunctionalthoughitwasoriginallyimplementedbyForrester(1961)
byanexponentialfunctionoftheforme-st.Thestock-outproblemisadirectresultofthisfactory
delaylaggingsalesdemands.

AnalyticalmodelsusedherearedescribedusingLaplaceTransformsaswellasztransforms.
Systemresponsesareanalyzedusingtwotypesofdelayrepresentation;anexponentialdelayfunction
andafinitedelay.Thesalessmoothingcomputation,whichwasrepresentedbyanexponentialform,
isagoodapproximationtobusinesspractice,althoughseveralothersmoothingfunctionshavebeen
proposed(Synetosetal.,2009).Thesehavenotbeenexploredaswidelybymodelers.

Model Type
Inventorysystemsdescribedbyequation1canbemodelledeitherasacontinuoussystem,wherethe
eventsarerepresentedbydifferentialequationssuchas:

AINV t COMRATE t CONS t dt
t

( ) = ( )− ( )( )∫
0

 (1)

andthenexpressedinLaplacetransformnotationorasadiscretetimesystem(equations2-equation
12)wheretheeventsareevaluatedatasettimeintervalasinamicroprocessorclocksystemand
representedbydifferenceequations(Åström&Wittenmark,1997):

AINV AINV COMRATE CONS
t t t t
= + −−1  (2)

Inthislatercase:

t kT=  (3)

whereTisafixedtimeperiodcorrespondingtoaperiodicreviewofinformation,inthisworkthetime
incrementwastakentobetypicallyoneweekbuttheeffectofchangingthistimeisconsideredlater
wherekisaninteger.TheeffectofchangestoTisshowninFigure14.Theequationsrepresenting
thesystemusingthedifferenceequationformataregivenbelow:

• Consumptionforecast:

AVCON AVCON
T ta

CONS AVCON
t t t t
= +

+
−( )− −1 1

1  (4)

• TargetordesiredWorkInProgress(WIP):

DWIP AVCON tp
t t
=  (5)
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• ActualWIP:

WIP WIP ORATE COMRATE
t t t t
= + −−1  (6)

• Inventoryerror:

EINV TINV AINV aAVCON
t t t t
= − +  (7)

• Orderrate:

ORATE AVCON
EINV

ti

DWIP WIP

twt t

t t t= +
( )

+
−( )

−

− − −

1

1 1 1  (8)

• Completionrateforadiscretedelaytp,isgivenby:

COMRATE ORATE
t t tp
= −  (9)

• ErrorinWIP:

EWIP DWIP WIP t AVCON WIP
t t t p t t
= − = −  (10)

TypicaltestinputCONS
if t

if tt
=

≤
>















0 0

1 0

� �

� �
forastepinput (11)

TypicaltargetinventoryTINV
t
= 0  (12)

ThediscretemodelisshowninFigure1asaSimulinkmodel.Theinputsalesdemandisastep
functionwhichisfedviaasmoothingfunctiontothevariabletargetinventoryandtotheWIPdemand
aftermultiplicationbytheestimateddelay.Theorderrateiscomputedfromtheinventoryerrorterm,
ameasureoftheWIPerrorandthesmootheddemand.Theorderrateisdelayedandhasthesales
subtracted.AfterintegrationthisleadstotheActualinventoryvalue(AINV).

TheworkdescribedinthispaperwassimulatedusingSimulink®andMATLAB®versionR2016b.
Simulink®isageneralsimulationtoolthatcansimulatebothdifferentialanddifferenceequations.

delay Representation
TherearefourpossiblecombinationsofAPVIOBPCSmodelanddelayimplementations(Towill,
1982;Disney&Towill,2002;White&Censlive,2017):

1. Discretemodelswithafinitedelay;
2. Discretemodelswithanexponentialdelay;
3. Continuousmodelswithafinitedelay;
4. Continuousmodelswithanexponentialdelay.
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Theserepresenttheextremesofthemodel,theexponentialmodelisasmoothtransitionandthe
finitedelayasuddensharptransition.

Inthecase1thedelayisrepresentedbyafunctionoftheformz tp− whereasincase2thedelay
isrepresentedbythefunction:

Tz

ta T z ta+( ) −


ThisformusesusingbackwardsEulerdifferences.Forcompleterigortestsofseveraldifferent
approximateimplementationsofztransformofthedelayweremodelledshowedslightlydifferent
resultsbutnotasignificantfactortotheoverallperformanceofthemodels.Forthetwoothermodels

thefinitedelayinacontinuousmodelisrepresentedbye stp− andintheexponentialdelayby 1

1tps +
.

Thesystemresponseincase4isneverunstableanddoesnotleadtochaosorquasiperiodicmotion
iftiandtwarepositive.

Nonlinear Models
Threedistinctsituationsareexaminedinthispaper.Firstthecaseofadiscretemodelwithnolimits
onoratei.e.returnsareallowed.Thesecondcaseconsideredisthatwheretheproductionorprocess
capacityislimited,herethenonlinearinventorymodelwasderivedfromSpiegler(2013)(Figure2)
withtheconstraintthattheorderratecouldnotbenegativei.e.noreturnsallowed.Thisisimplemented
inthemodelsbytwosaturationfunctions.

Thethirdcaseiswheretherearenoorderratelimitsbuttheproductiondelayisvariableand
dependsonorderratesuchaswouldoccuriftheproductionwerevariedtomeetincreaseddemand.
Severalauthorshaveconsideredhowthisdependencecanbemodelled.Anlietal.(2007)suggest
dependencyonlotsize,productionmix,scheduleandotheroperationalpractices.ChenandChang

Figure 2. Simulink model of APVIOBPCS with order limits
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(2007)producedoptimalresponsesforinventorywithresourceconstraintsandvariableleadtimes
whileChandraandGrabis(2008)examinedhowthedelaytimedependedoncosts.Therelationship
between price and delay times was found using stochastic hypotheses developed by Wijaya and
Purwanto(2013)whoproposed,albeitonasmallsamplebasedonobservationsofsteelproductionthat
theconnectionwas“altogetherthatprice,leadtimeanddelayhavearelationshiptoorderquantity”.

Asimplefirstapproximationistoassumethatthedelaytimedependsontheorderratealone
andthebasicrepresentationofthisdependenceisalinearfunctionoftheform:

tp tp orate tp= +
0 1

*  (13)

ThesimulationmodelisshowninFigure3.Herethevariabledelayiscomputedwithavariable
delayblockandaninitialvalueplusanorderratedependentquantity.

Tests for Chaos
Todetectchaos,Liapunovexponentsderivedfromtheeigenvaluesofthesystemareused.Theseare
ameasureoftheaveragerateofconvergenceordivergenceofadjacentorbitsinphasespace(Wolfet
al.,1985).“AnysystemcontainingatleastonepositiveLiapunovexponentisdefinedtobechaotic,
with themagnitudeof thepositiveexponent reflecting the timescaleonwhichsystemdynamics
becomeunpredictable.”Wolfetal.(1985)providedoneofthemostusedtechniquesforcalculating
theexponentsfromrealmeasureddata.

However,inthisworkthesimplertechniquetoextractthelargestoftheLiapunovexponentsλ
1


developedbyRosensteinetal.(1993)isusedasfollows.
Itisassumedthatthejthpairofnearestneighboringpathsinphasespacedivergeapproximately

atarategivenbythelargestpositiveLiapunovexponent:

Figure 3. Simulink model for APVIOBPCS with variable delay
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d i e
j

i t( ) ≈ ∆( )λ1  (14)

Solutionofafirstordersetofdifferentialequationspath(EdwardsandPenney,2004)isCe tλ .
Thedivergence,inphasespaceateachtimeintervalofaninitialseparatepairofpointwillalsobea
similarfunctionand:

ln d i lnC i t
j j
( )( ) ≈ + ∆( )λ

1
 (15)

Wecandefine:

y i
t
d i
j( ) = ( )1

”
ln  (16)

Equation15“representsasetofapproximatelyparallellines(for j=1…M),eachofwhoseslope
isroughlyproportionaltoλ

1
”.Equation16showsthelargestLiapunovexponentiscomputedfrom

theaverageof jpathpairsusingaleast-squaresfit.
Ifthegraphoflog(divergence)isastraightlineofpositiveslopethenthesystemisdefined

as chaotic.Hilborn (1994)gives systemclassifications forvariousvaluesofLiapunovexponent
illustratingthatforanexponentofvalue0themotionisquasi-periodicandaforanexponentof
positivevaluechaoticbehavioroccurs.Severalroutesthatleadtochaosmaybepresentincluding
perioddoublingviaquasi-periodicity.

NUMERICAL EXPERIMENTS ANd RESULTS

Inthissectionthemethodologyusedisexplainedforthetwosetsofexperimentsthataredescribed
here.Thefirstsetdealswiththeresponsesofadiscreetmodelofasingletierinventoryunderconditions
ofnoorderratelimitsandthosewherethelimitsareset.Thesecondsetofexperimentsdealwith
theproblemofprocessdelaysthatdependonorderrate,inthiscasewithnocapacitylimits.Teststo
validatetheresultsareshowntogiveconfidenceintheoutcomes.

Unlimited Orate discrete Model
Firstthecaseofthediscretesimulationmodelwithoutcapacitylimitsoperatinginanunstablelinear
regionisexamined.ThisinstabilityisindicatedbyDisney&Towill(2002)andWhite&Censlive
(2006)fortheparametervaluesti=0.47andtw=1.Thesevaluesproducedanunstablegrowing
nearlysquarewaveoscillationshowninFigure4.TheplotofZ,thedivergenceshowsperiodsofzero
valuefollowedbytriangularpeaksofincreasingmagnitude.TheplotsofY,log(divergence)show
aclearlynonlinearoscillationofsteadilyincreasingmeanvalue.

ThedivergencebetweenpathsZandtheloge(divergence),Y,bothincreasewithtimeshowing
thatthepathsareseparatinginphasespace,acriticalindicatorofchaoticbehavior.Theformsofthe
plotsofthepowerspectraldensityandautocorrelationfunctions,showninFigures5and6,giveadded
evidenceforchaos.Thepowerspectrumhasalevelof50-70dBwithsuperimposedbroadpeaks.
Theautocorrelationdiagram(Figure6)showsanoscillationdyingawayrapidlyeithersideofzero.

Figure6givesanautocorrelationdiagramshowingatriangularshapesimilartothatofasquare
narrowpulse.

Thepole-zeromapforthisdataisshowninFigure7.ThisisanArganddiagramobtainedfrom
thediscretetransferfunctionwiththepolesasvaluesthatmakethetransferfunctiontendtoinfinity
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andthezeroesvaluesthatmakethetransferfunctionzero.Forastablesystemtheeigenvaluesneed
tobeinsidetheunitcircle.Thepolesandzerosarefortheforwardpathtransferfunction,whereas
theeigenvaluesarefortheclosedloopsystem.

TheaverageLiapunovexponentforthisdatais0.4,whichcorrespondstoazvalueof1.49,
betweentheRHSpoleandzero.

AnothercasehereshowstheaverageLiapunovexponentis0.1853correspondingtoazvalueof
1.204.ExaminingthepolezeromapforthisdatashowninFigure8theLiapunovvalueisbetween
thepoleandzeroontheRHS.

Limited discrete Model
Forthemodelwithoratelimitswecanhavetwocasestoconsider:

1. Theresponseplottendstocrossthezerominimumorateboundary(n=5);
2. Wheretheresponsetendstocrosstheoratecapacityupperlimit(n=10).

Laugesan&Mosekilde(2006)havefoundevidenceofchaosduetotheresponsecrossingthezero
orateboundary.Itispossiblethatthisconditioncouldalsobefoundattheupperlimittoproduction
inarealsystem.Anewinvestigationwasconductedwiththetwocasesusingthesamebasevalues
asfortheunstablediscretemodel,usingtheLiapunovexponentcriterionforchaos.

Figure 4. Time response and Liapunov Index for linear discrete model, it = 0.47, tw = 1, tp = 4, ta = 8, n = 10
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Figure 5. Power spectrum of orate response for unlimited discrete model

Figure 6. Autocorrelation diagram for unlimited discrete model
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1. TheresponseimpactingthelowerORATEboundarywithn=5

Astablediscretelimitedmodelshowsaconvergence(Figure9).AplotofdivergenceZhasa
smallbutnegativeslopeoftheorderof–7*10-9buttheplotshowsconsiderableoscillations.

InFigure10,theORATEcurveisalimitedsquarewavewithminoroscillations.Itshowsthat
althoughtherearegapsinthelog(divergence)plotcorrespondingtothezerovaluesof thepath
difference,whentheORATEstaysat theupper limit, the trendis toanincreasingvalueofpath
divergence.Thepowerspectrum(Figure11)showsacurvewithseveralpeaks,nottypicalrandom
noiseasitdropsbelow0db.Theautocorrelationfunction(Figure12)isalsonottypicalofjustrandom
noisebutismoretypicalofasetofsinewaves(whichisalsotheautocorrelationplotexpectedfrom
asetofsquarewaves).

2. Thesecondexampleiswheren=10andtheresponseplothitstheupperlimitofmaximum
capacity(Figure13),withthecorrespondingpowerspectruminFigure14andtheautocorrelation
diagraminFigure15.Thelog(divergence)Y,hassignificantgapscorrespondingtothevalueof
ORATEstayingattheupperboundary.Theoverallchangeastimeprogressesisstillanincreasing
averagevalue,suggestingchaos.

Incomparisonwecanseethatforacontinuouslimitedmodelwiththesamebaseconditions
doesnotshowthevalueofXorYslowlyincreasing,sonosignsofchaos(Figure16).

UsingdatafromWangetal.(2005)foralongersimulationperiod(Figure17)showsthatthelog
curvedoesnotincreasecontinuouslywithtime.Forsimulationtimeslessthan60weeksapositive
Liapunovexponentindicateschaoticbehaviorbutataround60weekstheslopeoftheYcurvetends
tozero,indicatingachangeinsystemdynamics.Thisisasignificantresult,discussedbelow.

Figure 7. Pole zero map for unlimited discrete model



International Journal of Applied Industrial Engineering
Volume 6 • Issue 1 • January-June 2019

13

Variable delay Time
Inthissectionwepresenttheresultsfromsimulationsrunwithavariabletimedelaywithexamples
ofcheckingthemethod.Theseareeasiertoseethanthesametestscarriedoutontheearliermodel
astheyareacontinuousrecord.

Applyingthetestthatincreasinglog(divergencecurves)withpositiveslopeindicatechaos,to
Figure18,showsthatforastablecontinuousmodelnochaosispresentasthedivergencecurveis
ofnegativeslope.

Procedural Tests
Theprocedurewasrepeatedseveraltimeswiththesamedatatotesttoseeifthisphenomenonisreal
oranartefact.ItisshowninFigure19thatthepositivegradientindicatingadivergenceinphase
spacedoesnotdependonthedistanceapartoftheinitialpointsorthenumberofaveragescurves
whichareincludedintheaveragingprocess.Thecurvesshowacontinuouscurvewithoscillations
aboutastraightline.ThedependencyonthenumberofaveragingsetsofdataisshowninFigure
20,heretheslopeisessentiallythesamewithonlyasmallchangetotheinitialcondition.Theeffect
ofintegrationroutineusingthreetypesofdiscreteapproximationisindicatedinFigure21,again
theslopeisessentiallyunchanged.WhenthesamplingtimeisvariedinFigure22showsthesame
generalresultsofapositiveslopewereobtained.However,theamplitudeoftheoscillationincreases
withthesamplingtime.

Figure 8. Pole zero map for ti = 0.45
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Figure 10. Response for discrete model with n=

Figure 9. Convergence of data for a stable limited model
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Figure 11. Power spectrum n=5

Figure 12. Autocorrelation for n=5
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Allthecurvesinthissectionshowapositiveaveragecurveslopewitharipplesuperimposedon
thelinearcurve.Theobserveddifferencesinslopeareverysmallforalltheconditionsdescribedin
thissectionexceptfortheplotsshowingeffectofvariationofsampletime.InFigure22theoscillations
arelargestwiththelargestvalueofsamplingtime.WhileinFigure23asthesampletimeisreduced
tomakethesystemclosertoacontinuoussystemthevalueoftheLiapunovexponentisnearzero.

Results for Varying Time Delay
Theresponsesofthevaryingtimedelaysystemproducedawiderangeofsimilarresults.Theplots
showninFigure24aretypical.

ThebaseresultforT=1,tp0=4,tp1=0isshownasasolidline.Theslopefortp0=3isgreater
whileintroducingacomponentproportionaltotheorderratetheplotstillhasthepositiveslopebut
atareducedlevel.Thebestfitstraightlinesaregivenbyyp.

Effect of Inventory Model Structure
TheresultsofY,shownpreviously(Figures5to24)arefortheAPIOBPCSmodelswiththeparameter
aissettozero.Butifa≠0thenthemodelbecomesthatforanAPVIOBPCSsystem.Theresultsshown
inFigure25indicatethattheresponsesarevirtuallyidenticaltothoseoftheAPIOBPCSmodel.
ForcomparisonresultsfromthemuchsimplerstructuredmodelIOBPCSareincludedinFigure26,
producingasimilarshapedcurvetothoseoftheAPIOBPCS,butofgreaterslope.

Figure 13. Response of limited discrete model for n = 10
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dISCUSSION

Thefirstissueofnoteisthatforastablecontinuousordiscretesystemwithoutlimits(inORATE
orotherfactors)noevidenceofchaosisobservedintheresponseofthesemodelsforasuddenstep
demandinsales.Foranunstablediscretesystemwithoutlimitschaosisindicatedbyanincreasing
averageofthelog(divergence)curve(Figure4).Thepowerspectrumhasseveralpeaksbutalsoabroad
noisebaseagaintendingtosupportthepresenceofchaos.Therearenosharpspikesinfrequency
thatwouldbeexpectedofaperiodicsystem.Thenonlinearityinthissystemwouldlikelybeinthe
modellingofthesamplingprocessitself.

Forthelimitedinventorytheevidenceisasconfusedasthenonlimitedcase.Withtheimpacts
onthelowerorderrateboundarytheaveragedivergencecurveagainincreasesbutthelogcurvehas
gapswheretheresponseimpactstheboundary(Figure10).Thecaseofacontinuousmodelwhere
theparametervaluesarechosentobethesamefortheunstablediscretesystemshowsnosignof
increasinglog(divergence)curveandsothesystembehaviourisjudgednottobechaotic.Theimpact
ontheupperboundary(Figure14)wherethereisalimittocapacityshowsanincreasingdivergence
butthelogplotshowsanaverageslopeessentiallyzero,implyingnochaos.However,thepower
spectrumandautocorrelationplotsdonotruleoutchaos!

UsingdatafromWangetal.(2005),whicharereportedtobechaotic, thelogdiffusionplot
shown inFigure17 indicatesan initial regionof increasing log (divergence)values indicatinga
chaoticregimefollowedafter60daysbyaperiodwheretheindicationofchaosdisappears.Forthe
periodfrom60to200daysthesystemisapparentlyaperiodic.Thisformofresultisalsoreportedby
Rosensteinetal(1993)forothersystems.Whentheresultsareexaminedforthevariabledelaytime
thepictureisclearer.Chaosisindicatedforadiscretelimitedsystem(Figures19-26).Forcomparison
Figure18showsthatforastablecontinuousmodelthesystemresponseshowsnochaos.Further
detailedsimulations(Figures22and23)showthattheoscillationsinthelog(divergence)curveare

Figure 14. Power spectrum for n = 10
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duetothediscretestepsize,virtuallydisappearingforasamplesizeofT=0.05.Thiseffectwasalso
observedfortheunlimitedmodel.Itisalsoclearthattheslopeofthelog(divergence)curvedepends
onthissampletime,withthelogcurveslopereducingasthesampletimereduces,gettingcloserto
thecontinuouscase.ItisalsoclearthattheAPVIOBPCSandAPIOBPCSmodeltopologiesgive
essentiallythesameresultsandareindistinguishablefromeachotherinoveralleffect.Thisisnot
truefortheIOBPCSandAPIOBPCSmodels.InthiscasetheIOBPCShasagreaterslopeforthe
logcurveleadingtoafasterdivergentchaoticresponse,sothatanIOBPCSstructureismorelikely
togiveachaoticresponse.

TheeffectofsettingthetimedelayinproportiontoORATEvalueactuallylessensthetendency
tochaosasevidencedbythesmallervaluesoftheLiapunovexponents,whileincreasingthefixed
delaytimelessensthetendencytochaosinanunstablelimitedsystem.

Thissuggeststhatmoreinvestigationisneededtoseewhetheraslowonsetofchaosisindicated.
Generally,resultsshownheresupportthatofotherworkersthatchaosdoesn’texistforvalues

ofpositivetwabovethelinetw = ti.Thereiscontradictionwithobservationsofchaosatthelimits.
Thisneedsfurtherworktoresolvethereasonsforthisbehavior.

Theobservationthatwhentheunlimitedmodelischangedfromadiscreteversiontoacontinuous
modelandifthesamplingtimeinthediscreteversionisreducedindicationsofchaosdisappearis
highlysignificant.Itmaybethatdeterministicchaosdoesnotexistinrealsupplychainsandonly

Figure 15. Autocorrelation for n = 10
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inthemodelsorthatinrealsupplychainsitiscausedsolelybyhavingordersprocessedatspecific
intervals.Theimplicationsformanagersisthatbyprocessingordersastheycomeinthelikelihood
ofchaosissubstantiallyreduced.

ResultsofFigure17howeverposeadifferentproblem.If theresponse isdue to thestartup
transientoscillationof thesystemmodel then this leads todifficulties trying torespond toagile
productionasthesystemwouldbecontinuallyinthisstate.Thismeansthathavingthevaluesofti 
and twsettovaluesthatgiveastablesystemisessentialforagileresponse.

CONCLUSION

APVIOBPCScontrol theoreticmodelsusedbyDisneyandTowill in thez transformformatare
examinedhere.Theyareformulatedtoconformtoindustrialpracticeandaredesignedtogivethe
bestresponsetosalesinputswithminimumstockoutusingproportionalfeedbackofinventoryerror,
basedonactualobservationsofarealsystem.Notethatforstablecontinuousmodelsthereisnochaos
presentandforunstablelineardiscretesystemschaosisapparentlypossibleforsystemswithfinite
sampletimesgreaterthan0.1units.Theoccurrenceofchaoswasfoundtoberelatedtothesampling
timeofthediscretesystem,themagnitudeoftheLiapunovexponentreducingasthesamplingtime

Figure 16. Continuous limited model
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wasreduced,indicatingthatchaoswaslessprobable.Forsystemswithcapacitylimitswecouldnot
confirmchaosatthenonegativeorderboundarywhichareatoddswithotherresearchers.

Whenasystemofvaryingdelaytimewasinvestigatedtheeffectofincreasingthedependence
onoratereducedtheeffectiveLiapunovexponent.Increasingthedelaytimealsoreducedthe
Liapunovexponent.Thisleadstothehypothesisthatmodifyingthemanufacturingapproachto
tryandminimizetheproductiondelayasmightbethemodusvivendiinanagilemanufacturing
operationcouldputthesystemindangerofslippingintochaoticbehavior.Theresultsobtained
herealsoindicatesthatmakingtheproductiondelaydependonthevolumeofordersislikely
toreducechaoticbehavior.

ModelstructurehassomeinfluenceonthevaluesoftheLiapunovexponentwiththelargest
effectarisinginthesimplerIOBPCSmodel.

ThestatespacepathdivergenceeffectsbetweentheAPVIOBPCSandAPIOBPCSmodelsare
seentobeindistinguishable.

Application of Results to Organization and Management Actions for the Real world
Theresultssuggestthatthetendencytochaosinrealworldsupplychainscanbereducedbythe
followingactions:

Figure 17. Discrete limited model using data from Wang et al. (2005)
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• Organizethereal-worldbusinesssystemstructuresothatitresemblesanAPIOBPCSstructure;
• Reducetheproductionandprocessdelaytime(aswidelypracticed)butnotlessthantwicethe

orderupdatetime;
• Useanorderupdatefrequencyasshortaspossible;
• MakerealisticdelaytimesdependentonORATEvolume.

Future work

• Extendtherangeofparametervaluestoincludestudiesofchaoticandhyperchaoticexamples
reportedelsewhere;

• Determinetheboundsofchaoticbehaviorforthecaseof“noreturnoforders”;
• Extendthisinvestigationtoincludeproducer;warehouseanddistributorlevelsaswellastheretailer;
• Extendanalysistoothermodelsofdelaydependency;
• Extendtheanalysistoconsideringnon-proportionalinventoryandWIPdemand;
• Compare,ifpossible,thedataproducedbymodelswithrealworlddata.

Figure 18. Stable continuous model with variable delay dependent on Orate
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Figure 19. Variable time delay with different initial starting separations

Figure 20. Variable time delay with numbers of averaging paths in state space
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Figure 21. Variable time delay with different Simulink integration routines

Figure 22. Effect of variable time delay with different sample times
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Figure 23. Effects of varying sampling time

Figure 24. Effects of varying time delay
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Figure 25. APIOBPCS and APVIOBPCS model results

Figure 26. Effects of different inventory model structures
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Symbols
α:FractionofAVCONfedforward
APVIOBPCS:AutomaticPipelineVariableInventoryandOrderBasedProductionControlSystem
AVCON:Averagesalesrate
CONS:consumptionormarketdemand
EINV:Errorininventorylevel
DWIP:Desiredworkinprogress
ORATE:Outstandinglevelofordersplacedwiththesupplier
COMRATE:Rateofproduction
i:NumberofdiscretetimestepsΔt
IOBPCS:InventoryandOrderBasedProductionControlSystem
n:Sizeofstepinput
TINV:Targetinventory
T:Samplingtime
ta:Smoothingtimeconstant(8weeks)
ti:Orderconstanttime.(1weeks)
tp:Productiondelaytime(4weeks)
tw:WIPdelaytime(2weeks)
Y:averageLoge(divergence)
Z:PathDivergence
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