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ABSTRACT

AdvancedinthepresentarticleisaTwo-stepproceduredesignedonthemethodsoftheleastsquares
(LS)andinstrumentalvariable(IV)techniquesforsimultaneousestimationofthethreeunknown
parametersL∞,Kandt0,whichrepresenttheindividualgrowthoffishinthevonBertalanffygrowth
equation. For the purposes of the present analysis, specific MATLAB-based software has been
developedthroughsimulateddatasetstotesttheoperationalworkabilityoftheproposedprocedure
andpinpointareasofimprovement.Theresultingparameterestimateshavebeenanalyzedonthe
basisofconsecutivecomparison(theinitialconditionsbeingthesame)betweentheresultsdelivered
bythetwo-stepprocedureforsimultaneousestimationofL∞,Kandt0andtheresultsobtainedvia
themostcommonlyemployedmethodsforestimatinggrowthparameters;first,usehasbeenmadeof
theGulland-and-HoltmethodforestimatingtheasymptoticlengthL∞andthecurvatureparameter
K,followedbythevonBertalanffymethodforestimationoft0.

KEywoRdS
Asymptotic Length, Biological Objects, Fish, Gulland-Holt Plot, Individual Growth, MATLAB, Modeling, 
Parameter estimates, System Identification

INTRodUCTIoN

Determiningthefishgrowthparametersplaysafundamentalrolenotonlyinthecorrectdetectionof
thefishstockageandsizestructure,butalsointheprocessofstockassessmentprocedure,studies
ofthepopulationdynamicsandsustainablestockmanagementintermsoffishstockexploitation
restrictionsorspecificrecommendationsforminimumlimitsonthesize(length)ofspeciestobe
caughtlegally,selectivityofthefishinggearsandequipment,etc.Historicdataongrowthparameters
estimateshasbeensuccessfullyusedasabasisforanalysisofthestockbiologicaldevelopmentover
timeinadditiontotheanalysisoftheimpactofenvironmentalfactors–foodavailability,variabilityin
specificenvironmentalconditions,suchaswatertemperature,theconcentrationofdissolvedoxygen,
thetypesofspeciesinteractionsandothers.Severalfunctionshavebeendevelopedtomodelthegrowth
offish(Gompertzgrowthmodel,Schnute-Richards,logistic,etc.),howeverthevonBertalanffymodel
isthemostpopularandisinthescopeofthepresentmaterial.

ThevonBertalanffymathematicalmodelofindividual-basedapproachtopredictingfishgrowth
expressesthelength L( ) asafunctionoftheageofthefish t( ) :
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L t L K t t( ) = − − −( )( )



∞ 1 0

exp  (1)

where:t istheageoftherespectivefish,L∞ -istheasymptoticlength(ormeanlengthofthecohort
atageequaltoinfinitywhenthestudyreferstopopulationdynamics),K isacurvatureparameter
whichshowshowfastagivenindividualapproachesitsasymptotic(finite)length,t

0
–istheinitial

conditionparameter(determiningthepointinwhichthelengthofthefishis=0)(Cadima,2003,
Sparre&Venema,1998).

Equation(1)hasthreeunknowncoefficientsK ,L∞ and t
0

,tobedeterminedanalyticallyon
thebasisofgivenexperimentaldata (i.e. the lengthandagemeasurementsof thespeciesunder
analysis).AgreatnumberofmethodsforestimatingvonBertalanffygrowthparametershavebeen
successfullyimplementedinpractice,withtheirmaindisadvantagebeingtherequirementforregularity
ofthecorrespondingmeasurements.Failuretocollectandprocessthedataonaregularbasisdistorts
theresultsofthemethodsdiscussedsofarexceptfortheGulland-and-Holtplot,andwhatismore,
theyusuallyprovideestimatesforonly2ofthe3unknownparameters(Sparre&Venema,1998),
withtheexceptionof(Melnikova,2009).

NorbertWinnerandLudwigvonBrtalanffyconclusivelyprovedintheirworkstheexistenceof
closesimilaritiesintheoperationandcontrolofthemachinesandthelivingorganisms.Itfollows,
therefore,thatthecommonprinciples,methodsandapproachesdevelopedfortheanalysisandcontrol
oflargetechnicalsystemscanbesuccessfullymodifiedoradaptedintheresearchandmodelingof
biologicalobjectsandsystems.TheSystemtheoryandmorespecificallythedevelopmentoftheSystem
identificationscientificareaappeartobeverysuitabletheoreticalbasisforfurtherimprovementand
elaborationof theobject/systemmodelingmethodsandprinciples(Eykhoff,1974;Genov,2004;
Hoffman&Frankel,2001;Soderstrom&Stoica,1989).

TheLeastSquaresMethod(LSM)techniquesarewell-knownandwidelyappliedinvarious
scientificareasforexperimentaldataprocessinganditssubsequentfittingtoamodel(Stigler,1981;
Walter&Pronzato,1997).TheLSMisastandardapproachinregressionanalysistoapproximate
thesolutionofoverdeterminedsystems,i.e.,setsofequationsinwhichthenumberofequationsis
muchhigherthantheparametersunknown.“Leastsquares”meansthattheoverallsolutionminimizes
thesumof thesquaresof theresidualsmadein theresultsofeverysingleequation.It iswidely
practiced inengineering forsolving regulatorsynthesisproblemsandsystemmodeling,wherea
varietyofLSMmodificationshavebeendevelopedaimingatobtaininggeneralimprovementofthe
accuracyinparameterestimates.TheLSMalsotakesplaceinmodelingandparameterestimation
of biological objects. Its wide applicability is generally assumed to be associated with normal
distributionofinputdatausedforanalysisprovidedthatthenumberofdatashouldexceedthenumber
oftheunknown(estimated)parameters.Thepresentarticleproposesatwo-stepproceduredesigned
onthemethodsofleastsquaresandinstrumentalvariablesforsimultaneousestimationofthethree
unknownparametersinvonBertalanffygrowthmodelequation-L∞ ,K and t

0
.

BACKGRoUNd

Forthepurposesofthepresentanalysisanddevelopmentofthemethodproposedandthecorresponding
algorithm,thevonBertalanffygrowthequationwillbere-statedasfollows:

L t L L e
K t t( ) = −∞ ∞

− −( )0  (2)
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IntermsoftheGeneralTheoryofAutomaticControlandSystemIdentification,equation(2)is
consideredtransition(step)functionoftheobject/systemunderconsideration.

Numerousmethodshavebeendevelopedtodeterminethesystemparametersbyitsstepresponse,
whichprovetobeineffectiveinofferingasolutiontothevonBertalanffygrowthequation.Thus,
despitehavingthesamemodel,themethodsfordeterminingtheparametersofthetransition(step)
functionbasedonexperimentaldatavalidforthetechnicalsystemsarenotapplicableforbiological
objects.Hence,anewapproachtosolvingtheGrowthequationwasconsiderednecessary.

Inthecaseoffish,thegrowthratemeasuredinlengthisrepresentedas:

dL t

dt
L e K

K t t( )
= ∞

− −( )0  (3)

Equation(2)canbethenrewritten:

L e L L t
k t t

∞

− −( )
∞= − ( )0

� (4)

If(4)issubstitutedin(3),thefollowingshallbeobtained:

dL t

dt
k L k L t

( )
= − ( )∞. .  (5)

SinceL∞ isconstant,therelationshipbetweenthegrowthrate
dL t

dt

( )
andthelengthL t( ) isa

linearfunction.Accordingly,itmakesitpossiblefortheunknownparametersL∞ andK tobeeasily
estimatedbyalinearregressionanalysis(providedthatlength-at-agedata(measurements)isavailable).
Itshouldbeemphasized,however,thattheaccuracyoftheparameterestimatesisstronglydependent
ontheinputdataquality.Greataccuracyofestimatescanonlybeexpectedifthelengthandageare
determinedprecisely.Experimentaldatacollectionandsamplingarenormallyaccompaniedbyadded
noiseofdifferenttypesandlevels,forexampleasaresultofinaccuratemeasurements.Thepresent
analysistakesintoconsiderationrandomerroroccurrence,ratherthansystematicmeasurementerror,
andthereuponitisreasonabletoassumethatthoserandomerrorshavezeromeanorexpectation
M = 0 ,dispersionσ andarenormallydistributed.Theapriorianalysisoftheproblemisofmajor
significanceforfurtherselectionofmathematical(instruments)solution(procedure)tothegrowth
equation.Giventheabovelistedconsiderationsandassumptions,thepresentpaperintroducesTwo-
step LS and IV- method based procedure for simultaneous estimation of the individual growth
parametersL∞ ,K and t

0
.

Growth Parameters Estimation
Length-at-agesamplesingeneralpresentdiscretedatainrelationtotheparametersmeasuredand
thevaluesL i t∆( ) areaccordinglydiscrete,whichistomeanthatthecontinuousderivative(5)can

bedulyexpressedasthefinitedifference ∆
∆
L

t
.Thetheoryoffinitedifferenceapproximationsof

derivativesiscoveredinmostnumericalanalysistextbooksandhasbeenwidelyusedinscientific
andengineeringcomputations.Itisgenerallyrecognized,however,thatthequalityoftheapproximation
greatlydependsontheregularityofthefunction.Iftheinitialdataissampledfromasufficiently
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smoothfunction,or if thedata is ‘dirty’becauseofmeasurementerrors,simpleone-sidedfinite
differenceappearsthemostappropriatesolution.Interpolationofdataisusuallyrelatedtoselection
ofsamplingtime∆ =t const .Moreover,innumericaldifferentiationevensmallvariationsofthe
function can lead to major changes in its derivative. Provisions are made in the analysis under
discussion for non-regular measurements of the parameters (L t( )   and t ) and respectively
∆ ≠t const .Inaccordancewiththemeanvaluestheorem(finiteincrements)(Bradistilov,1961;
Bretscher,1995),whichistobeappliedhereinafterforderivationoftheprocedureproposed:

L x t L x t t L x
i i

+( )− +( ) = ∆ +( )′
+1 . ξ ,where: ¾isnumericalvalueintheinterval:

t t
i i
< < +ξ

1
.here: ξ ξ= ∆( )x t, .

Thecalculationsfurtherarebasedonthefollowingassumption:

t t t t t L t i N
si i i i i i si
= + = + −( ) ( ) = −′

+ξ 0 5 1 1
1

. , , , .

Step 1: Estimation of the Asymptotic Length L∞  and the Parameter K

ItisassumedthatN numberof lengthmeasurements=    offish–i.e. L t
1( ) , L t

2( ) , L t3( ) ,…,
L t

N( ) ,whichcorrespondtoages: t
1
, t

2
,…, t

N
,thelinearequation(5)thencanbeexpressedby

thefollowingsystemofequations:

′ ( ) = − ( ) = −∞L t k L k L t i N
si si

. . , ,1 1  (6)

orinmatrix-vectorformas:

′ = −∞L k L k Ls. . .1  (7)

where:

′ ′ ′ ′ ′= ( ) ( ) ( ) … ( )



−L L t L t L t L t

s s s s N

T

1 2 3 1
, , ,

,
;

Ls L t L t L t L t
s s s s N

T

= ( ) ( ) ( ) … ( )



−1 2 3 1

, , , ,
,

;

1 –isavectorofoneswithsizeN −1 . (8)

Equation(7)canalsobeconveyedas:

′ = −

















=∞L Ls

KL

K
X b1� . .  (9)
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Wheretheelementsofthevector b aretheunknownvonBertalanffygrowthparameters K 
andL∞ .

Supposing that b̂  is the estimation of vector b , the error vector e  should be defined and
respectively taken intoaccountwhen b̂  isadditionallysubstituted in (9) toobtain the following
equation:

e L X b= −′� .ˆ  (10)

Theelementsoftheerrorvector e canalsocontainmeasurementerrors.
Theunknownvectorb̂ willbedeterminedinaccordancewiththeminimumnormleastsquares

solutionrequirement,i.e.:

J e e minT

b

= =�
ˆ
�  (11)

Incompliancewiththerequirementforminimizationofthenorm(11),itfollowsthat:

ˆ � . � .b X X X LT T= 

 =′ ′
−1

CX� LT  (12)

Asaresult,theelementsofvector b̂ shalldetermineL∞ andK :

L
b

b∞ =
( )
( )
1

2
, �K b= ( )2  (13)

Step 2: Estimation of t
0

Oncethe2growthparameters L∞ andK havebeencalculatedinthefirststepoftheprocedure
beingdescribed-equation(2)canbere-statedasfollows:

e
L t

L
l t

K t t− −( )

∞

= −
( )
= − ( )0

1 1  (14)

Aftertakingalogarithmonbothsidesandcarryingoutsomesimpletransformationswehave:

K t K t ln l t. .
0

1= + − ( )  (15)

Ify t ln l t K( ) = − ( )( )1 / issubstitutedin(15): (16)

Itproceedsfrom(16)that:
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y t t t( ) = −
0

 (17)

(17)isalsoalinearequationandfort i N
i
, ,= 1 asystemoflinearalgebraicequationswilltake

placeandmaybeherebypresentedinamatrix-vectorformas:

Y t T= −
0
1.  (18)

where:

Y y t y t y t
N

T
= ( ) ( ) … ( )



1 2

, , ., ,T t t t t
N

T
= …



1 2 3

, , , .., ,and1-isavectorofoneswithsize N .

(18) is an overdetermined system of linear equations. The unknown parameter t
0

 will be
establishedinaccordancewiththeminimumnormleastsquaressolutionrequirement,analogously
to(11),oncetheestimation t̂

0
issubstitutedin(18).

µ� T Y t �� ��Z� t= +( )− = −ˆ ˆ. .
0 0
1 1  (19)

Theunknownparameter t̂
0

istobedeterminedthroughcompliancewiththerequirementfor
minimizationofthenorm:

G minT

t

= =�
ˆ

ε ε
0

 (20)

=> = 

 =
−

=∑ˆ . .t Z
Z

N
T T i

N

i

0

1
11 1 1  (21)

Implementation of the Instrumental Variable (IV)
IVisusedwhenanexplanatoryvariableofinterestiscorrelatedwiththeerrorterm,inwhichcase
ordinaryleastsquaresarelikelytoproducebiasedresults.Avalidinstrumentinduceschangesinthe
explanatoryvariablebuthasnoindependenteffectonthedependentvariable,allowingaresearcher
touncover the causal effectof the explanatoryvariableon thedependentvariable. Instrumental
variablemethodsallowforconsistentestimationwhen theexplanatoryvariables (covariates)are
correlatedwiththeerrortermsinaregressionmodel.Suchcorrelationmayoccurwhenchangesinthe
dependentvariablechangethevalueofatleastoneofthecovariates,whichissubjecttomeasurement
error.Explanatoryvariablesaffectedseverelybyoneormoreoftheseissuesinaregression-based
contextarecommonlyreferredtoasendogenous.Insuchasituation,ordinaryleastsquaresproduces
biasedandinconsistentestimates.However,ifaninstrumentisavailable,consistentestimatesmay
stillbeobtained.Aninstrumentisavariablethatdoesnotitselfbelongtotheexplanatoryequation
butiscorrelatedwiththeendogenousexplanatoryvariables,contingentuponthevalueoftheother
covariates.UsingIVsinlinearmodelsrelatestotwomainrequirements:
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Theinstrumentmustbecorrelatedwiththeendogenousexplanatoryvariables,conditionalonthe
othercovariates.Ifthiscorrelationisstrong,thentheinstrumentissaidtohaveastrongfirststep.A
weakcorrelationmayprovidemisleadinginferencesaboutparameterestimatesandstandarderrors
(Bound,Jaeger&Baker,1995).

Theinstrumentcannotbecorrelatedwiththeerrortermintheexplanatoryequation,conditional
on theothercovariates. Inotherwords, the instrumentcannot run into thesameproblemas the
originalpredictingvariable.Ifthisconditionismet,thentheinstrumentissaidtosatisfytheexclusion
restriction(Angrist&Krueger,2001;Bowden&Turkington,1984;Stock&Trebbi,2003).

TheprimaryaimofIVimplementation(instrumentalmatrixV )intheprocedurebroughtforward
istoensureimprovementinthequalityoftheestimates(vector b̂ ),morespecificallyinthepresence
ofaddednoise(measurementerror).IVhasbeenselectedtohaveaformidenticaltothestructureof
andinclosecorrelationwiththematrixX ratherthanwiththeaddednoise(themeasurementerror).
ItshouldberegardedasaspecialsupplementtotheLSM,completingandenhancingit.Ingeneral,
IVderivationmethodologyfollowsthebasicalgorithmfortheLSM.

1. ImplementationoftheIVforcalculationofthevector b̂
ip

Inequation(12)usedinplaceof b̂ isthefollowingexpression:

ˆ � . �b V X V L
ip

T T= 



′
−1

 (22)

wheretheinstrumentalmatrixV T isinaformidenticaltothematrixXT ,andyetitselementsare
notthemeasuredvaluesL t

si( ) buttheonesforecastedbythemodelcalculatedwiththe(previously)
estimatedparametersL K∞, and t

o
(asdeterminedinStep1.andStep2.)

TheIVisimplementedinlinewiththefollowingalgorithm(Genov,2004):

1. Estimatevectors b̂ and t̂
0

onthebasisoftheLSM;
2. Usetheestimates b̂ and t̂

0
toforecastthemodelvaluesL

model
;

3. Usethemodelvalues L
model

toformtheinstrumentalmatrices V andV
1
andobtainthenew

estimatesbyapplyingtheequations(21)and(22);
4. Gobacktostep(2);
5. Theprocedureisiterativeandcanbeexecutedasmanytimesasneeded(usually2to5)tosecure

stabilizationoftheestimatedparametervalues.
2. ImplementationoftheIVforcalculationoftheparameter t̂

ip0

TheinstrumentalmatrixV
1

shouldbeselectedinaformidenticaltothematrixZ ,butinthis
casey willbeformedbyimplementingthemodelforecastedvaluesL

model
,thathavebeencalculated

usingthealreadyestimatedvalues b̂ and t̂
0

;
Uponsubstitutionofthevectorofonesin(21)withVT

1
,theparameter t̂

ip0
istobecalculated

throughthefollowingequation:
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ˆ . .
.

t V V Z
v z

v
ip

T T i

N

i i

i

N

i

0 1

1

1
1 1

1 1

1= 

 =
−

=

=

∑
∑

 (23)

3. AnalysisofthemodelaccuracyL
model

Theunknownparametersofthemodel(2)havingbeenestimated,itsaccuracyshouldbeevaluated,
i.e.atwhatextentthemodeldatacomesclosetotheexperimental(themeasured)data.Tothateffect,
itisnecessaryforthecalculatedmodelvaluestobecomparedtotheexperimentaldata.Thesmaller
thedifferenceis,thegreaterthemodelaccuracy.Higherdeviationsofthemodelestimates L

model


fromthemeasurementdataL t( ) areindicationsforincorrectmodelstructureandrespectively,low
quality of the parameter estimates or inaccurately defined measurement error impact (incorrect
measurementinthelengthorageoffish).Asameasureofthemodelaccuracyitisappropriateto

adopttheerrorvariance(orthestandarddeviation):S
N

L L
emodel

i

N

i model i
2

1

21

1
=

−
−( )

=
∑ ,

,orthemodel

relativeerror:S S S
otn model emodel L_

/= .

MATLAB Program for the Realization of the Proposed Two-
step LS and IV- Method Based Procedure for Simultaneous 
Estimation of the Individual Growth Parameters L∞, K and t0

For thepurposesof thepractical implementationof theproceduredescribedand its satisfactory
performanceaMATLAB-environmentscripthasbeendeveloped–providedforreferenceinAppendix
A.

MAIN FoCUS oF THE ARTICLE

Performance and operational Examination of the Two-step Procedure for 
Simultaneous Estimation of the von Bertallanfy Growth Parameters L∞, K and t0

Fortheobjectivesofthepresentresearch,thesubsequentin-depthanalysisandconcreteproofofthe
workabilityoftheimprovedTwo-stepLSandIV-methodbasedprocedureforsimultaneousestimation
oftheindividualgrowthparametersL∞ , K and t

0
putforwardbythepaper,theresultsobtained

will be compared with the results produced by other widely used methods for estimating von
Bertallanfygrowthparameters.Simultaneouslywiththeexecutionoftheprocedureunderdiscussion
andwiththeprovisionofequalconditionsappliedconsecutivelyaretwomethodsforestimatingthe
above-mentioned parameters L∞ , K  and t

0
. K  and L∞  are determined first by applying the

Gulland-and-Holtmethodandthenthecalculatedasymptoticsizevaluewasusedtoestimatethet
0


bythevonBertalanffymethod.

Once the goal was set, a specific MATLAB-based program was developed for consecutive
executionofGulland-and-HoltmethodforestimationofK andL∞ andthevonBertalanffymethod
forestimationof t

0
,whichisfedalongwiththeasymptoticlengthvalueL∞ previouslyestimated

usingtheformermethod.ThecontentoftheprogramscriptispresentedforreferenceinAppendix
B.
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Simulation data
Inputdatausedforthesimulationseries:

t
0
0 087= . ;K = 0 78. ;L cm∞ = 50 00. ,thedataissimulatedtopresentnon-regular

measurements ∆ ≠( )t const intheinterval0.1-4.35years,byusingthevonBertalanffymodel:

L t L K t t( ) = − − −( )( )



∞ 1 0

exp inMATLABprogramenvironmentwiththefollowingprogram
script:

clc 
clear 
K=0.78 
t0=0.087 
Lasimpt=50 
load(‘t_sim.mat’) 
L=Lasimpt*(1-exp(-K*(t_sim-t0)))

Alongwiththestudyintotheaccuracyofthegrowthparameterestimatesobtainedbythemethods
describedsofar,anotherstudywascarriedoutintotheprobablewaythemeasurementsmightaffect
theestimatesandthelevelofresistancetotheaddednoiseofthemethodsthemselves(Fuller,W.A.
(1987)).Provisionsweremadeforsimulatedcasesofaddedmeasurementerrorthroughimplementation
ofrandomnormallydistributederror,whichisconsideredeitherincorrectmeasurementof L or
incorrect determination of the corresponding ages. The values L L sim= _  and t t sim= _ 
simulatedbythevonBertalanffygrowthmodelwerecompletedwithanormallydistributederror,
generatedbyusingthefollowingscript:
R = normrnd(mu,sigma,1,50) 
mu=0 
sigma=0.01 (*0.05, 0.1, 0.15, 0.2, 0.3, 0.5) 
R = normrnd(mu,sigma,1,50) 
R’ 
e01=R’ 
Se01=std(e01) 
S_L=std(L)=14.7815 
S_t=std(t)= 1.2132 
sotnL=(Se01/S_L)*100 
sotnt=(Se01/S_t)*100

R=normrnd(mu,sigma)generatesrandomnumbersfromthenormaldistributionwithamean
parametermuandstandarddeviationparametersigma.Muandsigmacanbevectors,matrices,or
multidimensionalarraysthathavethesamesize,whichisalsothesizeofR.Ascalarinputformuor
sigmaisexpandedtoaconstantarraywiththesamedimensionsastheotherinput.

Inordertoaddressthenoiselevelstoacertainpercentage,addedmeasurementerroriscalculated:

• Thestandarddeviationoftheinputdataistobedeterminedby:

S Std L
L
= ( ) = 14 7815. and:S Std t

t
= ( ) = 1 2132. ;

• Signal-to-noiseratio:S
S

SotnL
e

L

= ( )100 % andS
S

Sotnt
e

t

= ( )100 % ;
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Thegeneratednoise(addedmeasurementerrors)hasthefollowingcharacteristics:

e
01

-standarddeviationS
e01

0 0103= . ;signal-to-noiseratioS
otnL
= 0 0730. % ormeasurementerror

≈ 0 07. % andS
otnt
= 0 8897. �ormeasurementerror≈ 1%

e
05

-standarddeviationS
e05

0 0557= . ;signal-to-noiseratioS
otnL
= 0 3769. ormeasurementerror

≈ 0 4. % andS
otnt
= 4 5918. ormeasurementerror≈ 5%

e
1
 -standarddeviation S

e1
0 1036= . ;signal-to-noiseratio S

otnL
= 0 7006. ormeasurementerror

≈ 0 7. % andS
otnt
= 8 5356. ormeasurementerror≈ 10%

e
15

-standarddeviationS
e15

0 1526= . ;signal-to-noiseratioS
otnL
= 1 0326. ormeasurementerror

≈ 1%
e

2
-standarddeviation S

e2
0 1946= . ;signal-to-noiseratio S

otnL
= 1 3164. .ormeasurementerror

≈ 1 5, %
e

3
-standarddeviationS

e3
0 3364= . ;signal-to-noiseratioS

otnL
= 2 2758. ormeasurementerror

≈ 2%
e

5
-standarddeviationS

e5
0 5141= . ;signal-to-noiseratio:S

otnL
= 3 4782. ormeasurementerror

≈ 3 5. �%
e

6
-standarddeviationS

e6
0 9149= . ;signal-to-noiseratio:S

otnL
= 6 1897. ormeasurementerror

≈ 6�%

Histogramsofthegeneratedmeasurementerrors(noise)arepresentedinFigure1,Figure2,
Figure3,Figure4,Figure5,Figure6,Figure7andFigure8.

Theinputdatausedforobtainingestimatesofthegrowthparametersbythemethodslistedbelow:

• TheTwo-stepLSandIVmethod-basedprocedureforsimultaneousestimationoftheindividual
growthparameters L∞ ,K and t0 advancedbythepresentpaper

• TheGulland-and-Holtmethodforestimationof L∞ andK
• ThevonBertalanffymethodforestimationof t0 aspresentedinTable1

SIMULATIoN RESULTS

Theresultsrenderedbytheexecutionoftheabovelistedprocedureandmethodsarepresentedin
Table2andfigures9to11:

CoNCLUSIoN

Advancedinthearticleisatwo-stepprocedure(algorithm),basedontheLSMandIVimplementation
forsimultaneousestimationofthethreeunknownparametersinvonBertalanffygrowthequation.
SpecificsoftwareinMATLABprogrammingenvironmenthasadditionallybeendevelopedforthe
purposesofthepresentanalysis.

Toassesstheforecastingqualityandaccuracyoftheapproximatingmodeluseismadeofthe
variance(standarddeviation)ofthemodelerror–i.e.thedifferencebetweenthemeasured(simulated)
valuesandthoseforecasted(estimated)bythemodel.
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Researchstudieshavebeencarriedoutwithextralevelsofaddednoise(inputofameasurement
errorinthelengthoragedeterminationofthegivenbiologicalobject)withthenoiseburdenbeing
normallydistributedandgeneratedby thenormrnd functionwithamathematicalexpectationof
M = 0 andastandarddeviationÃ= S from0.01to0.5.Thesimulatedmeasurementerroris0.07%
to3.5%forL and1%and5%for t .

Theresultsoftheconductedexperimentsastothetwo-stepLSandIVmethod-basedprocedure
forsimultaneousestimationofvonBertalanffygrowthparameters:L∞ ,K andt

0
havebeencompared

totheresultsobtainedbytheGulland-and-HoltmethodforestimationofL∞ andK andsubsequent
executionofvonBertalanffymethodforestimationoft

0
.Toachievethestatedobjective,developed

hasbeenaMATLAB-basedprogramforconsecutiveimplementationoftheselectedtwomethods.
Theestimatesofthegrowthparametersproducedbytheproposedprocedureforsimultaneous

estimationofL∞ ,K andt
0

inthecaseofnon-dirty(non-noisy)datawerecharacterizedwithavery
highdegreeofaccuracyandthetwomethodswerefoundtobecomparativelynoise-resistanttoadded
measurementerrorof L andwithvaluesoftheaddederrorbeingupto3.5%,theytendtoyield
estimateswitharelativeaccuracyof1to6%,thus,identifyingt

0
asthemostnoise-sensitiveparameter.

Theresultsshowconclusivelythatinthepresenceofhigherlevelsofaddednoisetheestimates
of thegrowthparameters improvedsignificantlydue to theapplied instrumentalvariable,which
makesthehithertodescribedtwo-stepLSandIVmethod-basedprocedureforsimultaneousestimation

Figure 1. Histogram (distribution shape) of the simulated measurement error e01 (left)
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ofvonBertalanffygrowthparameters: L∞ , K and t
0

extremelyappropriatewithlowerqualityof
inputdata(iftherearelengthmeasurementerrorsofaround3-4%).

The twosurveyedapproaches toestimating thegrowthparametersproved tobeparticularly
sensitiveintermsofaccuracyuponapplicationofameasurementerrorinestimating t

0
,andmade

itnecessaryfortheissueofagedeterminationtobeaddressedwithutmostattention.
Theanalyzedtwo-stepLSandIVmethod-basedprocedureforsimultaneousestimationofvon

Bertalanffy growth parameters: L∞ , K  and t
0

 is applicable not only to data measurements of
parametersL andt  ∆ =( )t const atregularintervals,butalsotonon-regularmeasurementsofthe
theseparameters ∆ ≠( )t const ,providedthatthenumberofdataisgreaterthanthatoftheparameters
underestimation.Itshouldbeborneinmindthatthequalitiesoftheinstrumentalvariableasregards
thenoiseresistanceoftheestimatesaremostpronouncedwithsubstantialamountofinputdataand
thenumberofiterations( klu )couldbeincreaseduntiltherightstabilizationoftheestimateshas
beensecured.

Figure 2. Histogram (distribution shape) of the simulated measurement error e05 (right)
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Figure 3. Histogram (distribution shape) of the simulated measurement error e1 (left)
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Figure 4. Histogram (distribution shape) of the simulated measurement error e15 (right)
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Figure 5. Histogram (distribution shape) of the simulated measurement error e2 (left)
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Figure 6. Histogram (distribution shape) of the simulated measurement error e3 (right)



International Journal of Agricultural and Environmental Information Systems
Volume 10 • Issue 2 • April-June 2019

65

Figure 7. Histogram (distribution shape) of the simulated measurement error e5 (left)
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Figure 8. Histogram (distribution shape) of the simulated measurement error e6 (right)
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Table 1. Simulated data used to examine the operational workability and estimating accuracy of the calculation procedures and 
methods and noise levels of t  and L

t = tsim L = Lsim e01 e05 e1 e15* e2* e3* e5* e6*

0.1000 0.5044 -0.0070 -0.0108 -0.1701 -0.0403 0.1269 -0.7347 0.0121 -0.6466

0.1400 2.0249 0.0039 0.1376 0.0791 0.2156 0.0639 -0.5375 1.0478 1.4042

0.1700 3.1344 -0.0083 -0.0708 0.1387 -0.0809 -0.0696 -0.2500 -0.0942 -0.7391

0.2100 4.5741 -0.0125 -0.0122 -0.0183 -0.0645 -0.0007 -0.2621 -0.3221 -0.2809

0.2600 6.3116 -0.0140 0.0020 -0.0908 0.0976 0.1236 -0.4801 -0.5039 0.0681

0.2900 7.3220 0.0028 -0.0687 0.1227 -0.1353 0.4657 -0.2035 -0.9055 -1.4299

0.3300 8.6330 0.0195 0.0540 -0.0511 0.1413 0.1773 -0.2794 -0.2447 -0.8577

0.3900 10.5244 0.0020 0.0372 -0.0818 -0.2525 -0.0488 0.3301 0.1507 -1.0996

0.4100 11.1354 0.0049 0.0771 -0.1262 -0.3631 -0.3946 -0.1830 -0.4920 -2.2647

0.4500 12.3293 0.0014 0.0344 -0.1468 -0.0238 0.0498 -0.3828 0.1267 1.8131

0.5100 14.0517 0.0023 -0.1775 0.0276 0.0493 0.0522 -0.1249 0.3940 -0.6208

0.5300 14.6081 0.0237 -0.0484 -0.0332 0.1913 -0.1583 -0.2055 -0.2966 0.7141

0.5700 15.6953 -0.0078 0.0156 0.0788 0.0180 0.2019 0.0786 0.2461 0.0146

0.6400 17.5181 -0.0016 -0.0408 -0.0057 0.1432 0.0782 -0.0694 0.2827 -0.8450

0.6900 18.7605 -0.0067 0.0142 -0.0210 0.0361 0.1174 -0.4457 -0.0214 -0.0343

0.7200 19.4830 0.0071 -0.0033 -0.1721 0.1019 -0.0972 0.1741 0.9782 0.3440

0.7800 20.8783 0.0026 -0.0274 -0.0775 -0.1453 -0.1368 -0.1092 -0.6361 -0.9714

0.8500 22.4257 -0.0033 0.0034 0.0104 -0.0115 -0.0935 -0.1800 0.1375 1.0184

0.8900 23.2728 0.0074 0.0256 -0.0428 -0.0897 -0.2221 -0.2555 -0.4634 1.0173

0.9300 24.0938 -0.0101 0.0572 0.1275 -0.0355 -0.1045 0.2382 -0.3609 -0.0828

1.1000 27.3109 0.0012 -0.0447 -0.1831 0.3445 0.1454 -0.0327 0.2205 0.5222

1.1600 28.3483 0.0020 -0.0286 -0.0181 -0.2106 -0.4511 -0.4658 0.5464 -1.0358

1.2100 29.1765 0.0157 -0.0360 0.0115 0.0051 -0.3544 0.6512 0.0851 0.4861

1.2600 29.9730 0.0054 0.0424 -0.0722 -0.0481 0.0053 -0.1025 0.6524 -0.1091

1.2900 30.4362 0.0003 0.0786 0.0112 0.0569 0.0657 0.0813 -0.4651 1.3672

1.3200 30.8886 -0.0134 0.0528 0.1661 0.2689 -0.1898 0.1064 0.1691 -0.8135

1.4000 32.0447 -0.0147 0.0671 -0.1050 0.1368 0.1073 -0.3920 -0.2654 1.7098

1.4700 32.9988 0.0059 0.0125 -0.0351 -0.0985 0.2518 0.3663 -0.3787 0.0171

1.5300 33.7761 -0.0070 -0.0401 -0.1419 -0.2151 0.1367 0.0753 -1.3158 0.3787

1.6500 35.2258 -0.0024 0.0340 0.0728 0.1272 -0.3127 0.0431 0.3801 1.2321

1.7200 36.0108 -0.0087 0.0863 -0.1206 -0.1488 -0.1461 0.4052 0.9374 0.9375

1.8500 37.3598 0.0018 0.0253 -0.0858 -0.1073 -0.1708 0.0477 0.2498 -0.7445

1.9200 38.0314 0.0023 0.0465 0.1423 0.0698 -0.0678 -0.5167 0.6882 -0.7780

2.1000 39.5992 0.0174 -0.0772 0.0823 -0.2284 -0.1343 -0.0048 0.0295 -0.7776

2.1700 40.1519 0.0182 0.0286 -0.0756 0.2334 -0.1683 0.3501 -0.6152 0.9135

2.3200 41.2392 0.0106 -0.0077 0.1017 0.0154 0.3820 0.3638 -0.4362 -0.1153

2.4500 42.0840 0.0108 0.0277 -0.0659 -0.0351 -0.0666 0.0794 -0.4013 -0.3780

2.5200 42.5046 -0.0117 0.0638 0.0106 0.1212 -0.0305 -0.5080 0.5512 0.0701

2.6400 43.1744 0.0128 -0.0320 0.1834 0.1209 0.0573 0.3289 -0.2402 0.8804

2.7800 43.8805 -0.0094 0.0753 0.2257 -0.0374 -0.3464 -0.0172 0.0457 -0.1351

2.8600 44.2507 -0.0160 -0.0472 -0.0443 0.1653 -0.2283 0.0576 -0.6666 0.2629

2.9700 44.7234 0.0317 0.0020 -0.0030 0.0551 0.0940 0.3844 -0.0915 -1.9681

3.0100 44.8855 0.0032 0.0153 0.1039 0.1650 0.0703 0.1208 -0.8129 -0.5674

3.1500 45.4146 -0.0066 0.0533 0.0608 0.0395 -0.2322 -1.1167 -0.3512 -0.9066

3.2100 45.6242 0.0001 -0.0162 -0.0233 -0.0287 0.2251 -0.4991 0.3797 -0.5433

3.4400 46.3429 0.0007 -0.0468 -0.0209 0.2623 -0.0133 -0.2484 0.8548 -0.6477

3.9300 47.5045 -0.0207 0.0708 -0.0784 -0.1175 0.0283 -0.3874 0.2427 -0.3588

4.1500 47.8980 -0.0072 0.0181 -0.2272 0.0950 0.0219 0.0460 0.0486 -0.4176

4.2000 47.9784 0.0053 -0.0957 -0.0157 0.3034 -0.1100 0.0456 0.5366 0.5591

4.3500 48.2016 0.0004 0.0160 -0.1198 -0.0620 -0.3663 -0.2079 0.3640 1.2207

*the noise levels e15, e2, e3 and e5 are added to L(t) measurements only, considering the fact that in relation to t this appear to be approximately 10% 
error in age determination – in this case it is recommended age determination by using analytical methods or repetition of the experiment.
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Table 2. Simulation results L∞, K and t0

Two-stepsprocedureforsimultaneousestimationofthe
individualgrowthparametersL∞,Kandt0,basedontheLS
andIVmethods
(proposedinthepresentmaterial)

Consecutiveexecutionof:
1.Gulland-HoltmethodforestimationofKandL∞
2.Estimationoft0bythevonBertallanfymodel(usesthe
calculatedvalueforL∞deliveredupontheexecutionof
theprecedingmethod)

Modelvalues:t0=0.087;yearsK==0.78;L∞50.00cm

1.SimulationdatatsimиL
sim

-graphicalrepresentationisdepictedinFigure9

1.1AftertheexecutionoftheLSM

L∞ = 49 9925. ;K = 0 7801. ; t
0
0 0863= .

1.2AftertheimplementationoftheIV

L∞ = 49 9925. ; K = 0 7801. ; t
01

0 0863= .

S
S

Sotn model
e

L
_

. *= = ≈−7 1075 10 04

1.1.Gulland-HoltmethodforestimationofKandL∞
L∞ = 49 9925. ;K = 0 7801.

1.2.VonBertalanffymethodforestimationof t
0



L∞ =( )49 9925.

t
0
0 0876= .

2.Simulationdata:tsimand L L esim01 01
= +

2.1AftertheexecutionoftheLSM

L∞ = 49 9380. ; K = 0 7823. ; t
0
0 0845= .

2.2AftertheimplementationoftheIV

L∞ = 49 9380. ; K = 0 7823. ; t
0
0 0845= .

S
S

Sotn model
e

L
_

. . %= = =0 0031 0 31

2.1.Gulland-HoltmethodforestimationofK andL∞
L∞ = 49 9381. ; K = 0 7823.

2.2.VonBertalanffymethodforestimationof t
0



L∞ =( )49 9381.

t
0
0 0914= .

3.Simulationdata: tsim and L L esim05 05
= + graphicalrepresentationisdepictedinFigure10

3.1AftertheexecutionoftheLSM

L∞ = 49 8952. ; K = 0 7884. ; t
0
0 0907= .

3.2AftertheimplementationoftheIV

L∞ = 49 8952. ; K = 0 7884. ; t
0
0 0907= .

S
S

Sotn model
emodel

L
_

. . %= = =0 0052 0 52

3.1.Gulland-HoltmethodforestimationofK andL∞
L∞ = 49 8930. ; K = 0 7885.

3.2.VonBertalanffymethodforestimationof t
0



L∞ =( )49 8930.

t
0
0 0944= .

4.Simulationdata: tsim and L L esim1 1
= +

continued on following page
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4.1AftertheexecutionoftheLSM

L∞ = 50 1409. ; K = 0 7850. ; t
0
0 1158= .

4.2AftertheimplementationoftheIV

L∞ = 50 1389. ; K = 0 7850. ; t
0
0 1158= .

S
S

Sotn model
emodel

L
_

. . %= = =0 0269 2 69

4.1.Gulland-HoltmethodforestimationofK andL∞
L∞ = 50 1409. ; K = 0 7850.

4.2.VonBertalanffymethodforestimationof t
0



L∞ =( )50 1409.

t
0
0 0696= .

5.Simulationdata: tsim and L L esim15 15
= +

5.1Aftertheexecuti
L∞ = 50 8706.

onoftheLSM

L∞ = 50 8706.
; K = 0 7590. ; 

t
0
0 1285= .

5.2Afterthe
t
0
0 0366= .

implementationoftheIV

L∞ = 50 8651.
; K = 0 7592. ;

S
S

Sotn model
emodel

L
_

. . %= = =0 0460 4 60

t
0
0 1283= .

5.1.Gulland-HoltmethodforestimationofK and
L∞

; K = 0 7590.

5.2.VonBertalanffymethodforestimationof
t
0 

L∞ =( )50 8706.

6.Simulationdata:
tsim and

L L esim2 2
= +

6.1AftertheexecutionoftheLSM

L∞ = 50 2648.
; K = 0 7521. ; 

t
0
0 0680= .

6.2AftertheimplementationoftheIV

L∞ = 50 2537.
; K = 0 7525. ; 

t
0
0 0680= .

S
S

Sotn model
emodel

L
_

. . %= = =0 0193 1 93

6.1.Gulland-HoltmethodforestimationofK and
L∞

L∞ = 50 2648.
; K = 0 7521.

6.2.VonBertalanffymethodforestimationof
t
0 

L∞ =( )50 2648.

t
0
0 0595= .

7.Simulationdata:
tsim and

L L esim3 3
= +

7.1AftertheexecutionoftheLSM

L∞ = 49 6445.
; K = 0 8100. ; 

t
0
0 1165= .

7.2AftertheimplementationoftheIV

L∞ = 49 6637.
; K = 0 8092. ; 

t
0
0 1164= .

S
S

Sotn model
emodel

L
_

. . %= = =0 0262 2 62

7.1.Gulland-HoltmethodforestimationofK and
L∞

L∞ = 49 6445.
; K = 0 8100.

7.2.VonBertalanffymethodforestimationof
t
0 

L∞ =( )49 6445.

t
0
0 1043= .

8.Simulationdata:
tsim and

L L esim5 5
= +

Table 2.Continued

continued on following page
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8.1AftertheexecutionoftheLSM

L∞ = 51 6138.
; K = 0 6796. ; 

t
0
0 0233= .

8.2AftertheimplementationoftheIV

L∞ = 51 5260.
; K = 0 6822. ; 

t
0
0 0328= .

S
S

Sotn model
emodel

L
_

. . %= = =0 0583 5 83

8.1Gulland-HoltmethodforestimationofK and
L∞

L∞ = 48 9194.
; K = 0 8718.

8.2.VonBertalanffymethodforestimationof
t
0 

L∞ =( )48 9194.

t
0
0 2288= .

9.Simulationdata:
tsim and

L L esim6 6
= +

graphicalrepresentationisdepictedinFigure11

9.1AftertheexecutionoftheLSM

L∞ = 54 8288.
; K = 0 6729. ; 

t
0
0 2478= .

9.2AftertheimplementationoftheIV

L∞ = 54 7668.
; K = 0 6745. ; 

t
0
0 2478= .

S
S

Sotn model
emodel

L
_

. . . %= = =0 2068 0 20 68

9.1.Gulland-HoltmethodforestimationofK and
L∞

L∞ = 54 8288.
; K = 0 6729.

9.2.VonBertalanffymethodforestimationof
t
0 

L∞ =( )54 8288.

t
0

0 1327= − .

10.SimulationData:
t t esim01 01
= +

and
Lsim

10.1AftertheexecutionoftheLSM

L∞ = 50 0168.
; K = 0 9079. ; 

t
0
0 3052= .

10.2AftertheimplementationoftheIV

L∞ = 50 1028.
; K = 0 9043. ; 

t
0
0 2995= .

S
S

Sotn model
emodel

L
_

. . %= = =0 2353 23 87

10.1.Gulland-HoltmethodforestimationofK and

L∞

L∞ = 51 6138.
; K = 0 6796.

10.2.VonBertalanffymethodforestimationof
t
0 

L∞ =( )51 6138.

t
0
0 0118= .

11.SimulationData
t t esim05 05
= +

and
Lsim

11.1AftertheexecutionoftheLSM

L∞ = 11 0630.
; K = −0 4741. ; 

t
0
1 2886= .

3.2AftertheimplementationoftheIV

L∞ = 103 4981.
; K = 0 1124. ; 

t
0
1 2886= .

S
S

Sotn model
emodel

L
_

. . %= = =0 3192 31 92

11.1.Gulland-HoltmethodforestimationofK and

L∞
Themodelisprovedstatisticallyinvalid

10.2.VonBertalanffymethodforestimationof
t
0

Table 2.Continued
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Figure 9. Growth rate 
dL t

dt

( )
 functional relationship of L t

si ( ) ; the 2nd graph (at the bottom) represents L
sim

 – the simulation 

data model and L
model

 – the model, obtained by implementing the parameters estimated by the Two-step LS and IV method-
based procedure in the absence of noise (added measurement error)
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Figure 10. Growth rate 
dL t

dt

( )
 functional relationship of L t

si ( ) ; the 2nd graph (at the bottom) represents L
sim

 – the simulation 

data model and L
model

 – the model, obtained by implementing the parameters estimated by the Two-step LS and IV method-

based procedure in the presence of noise (added measurement error) e
2
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Figure 11. Growth rate 
dL t

dt

( )
 functional relationship of L t

si ( ) ; the 2nd graph (at the bottom) represents L
sim

 – the simulation 

data model and L
model

 – the model, obtained by implementing the parameters estimated by the Two-step LS and IV method-

based procedure in the presence of noise (added measurement error) e
6
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APPENdIX A: MATLAB-ENVIRoNMENT SCRIPT

clc 
clear 
disp(‘Two step-procedure for simultaneous estimation of the 
individual growth’)  
disp(‘parameters L_asimpt, K and t_0, based on LS and IV methods’) 
% Calculates the growth parameters in the von Bertalanffy model  
% t – vector-row with size N – represents the age of fish in 
years% 
%(deltat=const and deltat=var)%  
% L – vector-row with size N – represent the length of fish in cm 
for ages t%  
% N – number of data 
N = input(‘ Enter the number of measurements N=’);  
l = importdata(‘C:\Users\USER\Desktop\PS\GullandH_L6.txt’);%Load 
.txt with length measurements% 
T = importdata(‘C:\Users\USER\Desktop\PS\GullandH_t.txt’);%load 
.txt file with the corresponding ages,% 
L=l’ 
t=T’ 
N=length(L) 
disp(‘Step. 1 Claculate К and Lasimpt’) 
for j=1:N-1 
   tsr(1,j)= (t(1,j+1)+ t(1,j))/2; 
end 
for j=1:N-1 
    Lpr(1,j)=(L(1,j+1)-L(1,j))/(t(1,j+1)-t(1,j)); 
end 
for j=1:N-1 
    Lsr(1,j)=(L(1,j+1)+L(1,j))/2; 
end 
plot(Lsr, Lpr, ‘o’), grid 
for j=1:N-1 
    x0(j,1)=1; 
end 
X=[x0 -Lsr’]; 
X1=X’*Lpr’; 
X2=X’*X; 
B=inv(X2)*X1 
Lust=B(1)/B(2) 
K=B(2) 
for j=1:N 
   Lmodd(1,j)=Lust*(1-exp(-K*t(1,j))); 
end 
[L’  Lmodd’] 
plot(t, [L’ Lmodd’]), grid 
disp(‘Step 2. Claculate t0’)  
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for j=1:N 
 a1=abs(1-(L(1,j)/Lust)); y(1,j)=log(a1)/K; 
end 
Z=t+y; 
t0=sum(Z)/N         
for j=1:N 
  Lmod(1,j)=Lust*(1-exp(-K*(t(1,j)-t0))); 
end 
[L’  Lmod’] 
plot(t, [L’ Lmod’]), grid 
disp(‘IV implementation:  V, V1’) 
%   the cycle klu=1:(3-10)can be run as many time as needed until 
stabilization of the estimates is reached%            
for klu=1:3 
for j=1:N-1 
        Lsr1(1,j)=(Lmod(1,j+1)+Lmod(1,j))/2; 
end 
V=[x0 -Lsr1’]; 
X1x=V’*Lpr’; 
X2x=V’*X; 
Bb=inv(X2x)*X1x 
Lustt=Bb(1)/Bb(2) 
Kk=Bb(2)  
for j=1:N 
    y1(1,j)=log(1-(Lmod(1,j)/Lust))/K; 
end 
V1=t+y1; 
t01=(V1*Z’)/sum(V1)  
Lmod1=Lustt*(1-exp(-Kk*(t-t01))); 
Lmod = Lmod1 
K=Kk  
Lust=Lustt  
t0=t01 
end 
[L’ Lmodd’ Lmod’ Lmod1’] 
plot(t, [L’  Lmod’ Lmod1’]), grid 
SL=std(L); 
SL=std(L); 
Eo=(L-Lmod); So=std(Eo); Sotn=So/SL 
end

APPENdIX B: CoNTENT oF THE PRoGRAM SCRIPT

clc 
clear 
disp(‘1. Gulland and Holt Method for estimation of Lasimpt and K 
‘) 



International Journal of Agricultural and Environmental Information Systems
Volume 10 • Issue 2 • April-June 2019

77

r = input(‘ Enter the number of measurements r=’);  
L = importdata(‘C:\Users\USER\Desktop\PS\GullandH_L.txt’);%Loads 
.txt file with Length measurements to form the input vector for 
the regression analysis% 
t = importdata(‘C:\Users\USER\Desktop\PS\GullandH_t.txt’);%Loads 
.txt file with the corresponding age data% 
n=r-1 
for i = 1:n 
    deltat(i)=t(i+1)-t(i);%calculates deltat% 
    deltaL(i)=L(i+1)-L(i);%calculates the increment in length for 
step deltat% 
    y(i)=deltaL(i)/deltat(i); 
end 
Y=y’ 
%Calculates the mean length for interval deltat and forms the 
independent variable x for the regression analysis%  
for i=1:n 
    Lmean(i)=((L(i)+deltaL(i))+L(i))/2; 
end 
x=Lmean’ 
disp(‘***a.Regression analysis***’) 
x0 = ones(n,1); 
F = [x0,x];%Forms the regression matrix% 
FF = (F’*F); 
b =((FF^(-1))*F’)*Y; %Calculates the regression coefficients b% 
beta = b’; 
b0 = beta(1,1); 
b1 = beta(1,2); 
disp(‘Check the condition number of matrix FF:’) 
Cond_FF = cond(FF)% determines the condition factor of the 
information matrix FFl, which forms the covariance matrix, once 
inverted - if the condition factor cond(FF) >10-10^2 it is 
recommended to run the analysis with normalized/standardized 
variables% 
maxval = 10; 
if (Cond_FF > maxval) 
    disp(‘Cond FF>10 ==>’) 
    disp(‘Run the regression analysis with standardized/Normalized 
variables’) 
    xmean = mean(x);%Calculates the mean value of x=Lmean% 
    ymean = mean(Y);%Calculates the mean value of y=deltaL/deltat% 
    sX = std(x);%Calculates the standard deviation of x% 
    Xnorm =(x-xmean)/sX;%Standardizes x (the observed/measured 
values)% 
    f0 = ones(n,1); 
    Fnorm = [f0,Xnorm];%Forms the regression matrix% 
    FFnorm = Fnorm’*Fnorm; 
    disp(‘Condition factor of FFnorm’) 
    Cond_norm = cond(FFnorm)%Claculates the condition factor of 
the matrix FFnorm% 



International Journal of Agricultural and Environmental Information Systems
Volume 10 • Issue 2 • April-June 2019

78

%formed by using the standardized x values% 
    B =(((FFnorm)^(-1))*Fnorm’)*Y; 
    Bl = B’; 
    disp(‘Regression coefficient b0n – standardized variables’) 
    b0n = Bl(1,1) 
    disp(‘Regression coefficient b1n - standardized variables’) 
    b1n = Bl(1,2) 
    disp(‘Regression coefficient B0 - model’) 
    B0 = (b0n-((b1n*xmean)/sX)) 
    disp(‘Regression coefficient B1 - model’) 
    B1 = b1n/sX 
    disp(‘Calculates the estimation of the dependent variable y_
hat=GrR by using the values calculated for the regression 
coefficients yhat=:’) 
    yhat = B0+B1*x 
    e = Y-yhat 
    disp(‘Calculates the model error e:’) 
    scatter(x,Y);grid 
    title(‘Regression analysis(Plot (y_m_e_a_s,х) и (y_h_a_t,х)’) 
    hold on 
    y1 = yhat; 
    plot(x,y1) 
    hold off 
else 
    disp(‘Condition number of matrix FF<10’) 
    b0 = beta(1,1) 
    disp(‘Regression coefficient b0=:’) 
    b1 = beta(1,2) 
    disp(‘Regression coefficient b1=:’) 
    disp(‘Calculates the estimation of the dependent variable y_
hat=GrR by using the values calculated for the regression 
coefficients yhat=:’) 
    yhat = b0+b1*x 
    disp(‘Calculates the model error e:’) 
    e = Y-yhat 
    scatter(x,Y);grid 
    title(‘Regression analysis(Plot (y_m_e_a_s,х) и (y_h_a_t,х)’) 
    hold on 
    y1 = yhat; 
    plot(x,y1) 
    hold off 
end 
disp(‘***b. Model Statistical analysis***’) 
Qo = sum((Y-yhat).^2); %Calculates the partition of the sum of 
squares% 
Q = sum((Y-ymean).^2);%Calculates the total sum of squares% 
Qcalc = Qo/Q; 
disp(‘Calculate the correlation coefficient R’) 
R = sqrt((1-Qcalc)) 
disp(‘F-test the R value and model workability F=’) 
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F =(R^2*(n-2))/((1-R^2)*1)% Fc is found in F-test distribution 
table to be compared%  
%with the calculated value F>Fcr% 
 
Fcr = input(‘Enter table value for Fcr=:’);  
if (F > Fcr) 
    disp(‘The model is proved functional and can be used to 
predict the behavior of the BO under analysis’) 
                figure 
                scatter(x,Y);grid 
                title(‘Regression analysis(Plot (y_m_e_a_s,х) и 
(y_h_a_t,х)’)                hold on 
                y1 = yhat; 
                plot(x,y1) 
                hold off 
if (Cond_FF > maxval) 
                disp(‘Claculate the growth parameters K и L_asimpt 
by using the calculated regression coefficients’) 
                disp(‘K=:’) 
                K = -B1  
                a = B0; 
                disp(‘L_asimpt=:’) 
                Lasimpt = -(a/B1  
else 
    disp(‘The model is proved non-functional and respectively 
cannot be used to predict the BO behavior’) 
end 
 
disp(‘2. Von Bertalanffy method for estimation of K и t0’) 
disp(‘***Provides estimates of К and to if Lasimpt is known***’) 
r = input(‘ Enter the number of measurements (observations) r=’);          
Lasimpt = input(‘ Enter value for Lasimpt=’);  
x=t 
y=-log(1-(L/Lasimpt))%Forms the output vector y for the regression 
analysis% 
disp(‘***a.Regression analysis***’) 
x0 = ones(r,1); 
F = [x0,x];%Forms the regression matrix% 
FF = (F’*F); 
b =((FF^(-1))*F’)*y; %Calculates the regression koefficients b_i% 
beta = b’; 
b0 = beta(1,1); 
b1 = beta(1,2); 
disp(‘Check the condition number of the matrix FF:’) 
Cond_FF = cond(FF))% determines the condition factor of the 
information matrix FFl, which forms the covariance matrix, once 
inverted - if the condition factor cond(FF) >10-10^2 it is 
recommended to run the analysis with normalized/standardized 
variables% 
maxval = 10; 
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if (Cond_FF > maxval) 
    disp(‘Cond FF>10 ==>’) 
    disp(‘Run the regression analysis with standardized/Normalized 
variables’) 
    xmean = mean(x);%Calculates the mean value of x=t% 
    ymean = mean(y);%Calculates the mean value of y=-log(1-(L/
Lasimpt))% 
    sX = std(x);%Calculates the standard deviation of x% 
    Xnorm =(x-xmean)/sX;%Standardizes x values% 
    f0 = ones(r,1); 
    Fnorm = [f0,Xnorm];%Forms the regression matrix by using the 
standardized x values% 
    FFnorm = Fnorm’*Fnorm; 
    disp(‘Condition number of matrix FFnorm’) 
    Cond_norm = cond(FFnorm 
    B =(((FFnorm)^(-1))*Fnorm’)*y; 
    Bl = B’; 
    disp(‘Regression coefficient b0n – standardized variables’) 
    b0n = Bl(1,1) 
    disp(‘Regression coefficient b1n – standardized variables’) 
    b1n = Bl(1,2) 
    disp(‘Regression coefficient B0 - model’) 
    B0 = (b0n-((b1n*xmean)/sX)) 
    disp(‘Regression coefficient B1 - model’) 
    B1 = b1n/sX 
    disp(‘Calculates the estimation of the dependent variable y_
hat by using the values calculated for the regression coefficients 
yhat=: ‘) 
    yhat = B0+B1*x 
            disp(‘Calculates the model error e e:’) 
            e = y-yhat 
else 
            disp(‘The condition number of matrix FF<10’) 
            disp(‘Regression coefficient b0=:’) 
            b0 = beta(1,1) 
            disp(‘Regression coefficient b1=:’) 
            b1 = beta(1,2) 
 
            disp(‘Calculates the estimation of the dependent 
variable y_hat by using the values calculated for the regression 
coefficients yhat=:yhat=:’) 
            yhat = b0+b1*t 
            disp(‘Claculates the model error e:’) 
            e = y-yhat 
end 
    disp(‘***b. Model statistical analysis***’) 
            Qo = sum((y-yhat).^2); % Calculates the partition of 
the sum of squares % 
            ymean=mean(y); 
            Q = sum((y-ymean).^2);% Calculates the total sum of 



International Journal of Agricultural and Environmental Information Systems
Volume 10 • Issue 2 • April-June 2019

81

squares% 
            Qcalc = Qo/Q; 
            disp(‘Correlation coefficient R’) 
            R = sqrt((1-Qcalc))%Calculates the correlation 
coefficient% 
            disp(‘F-test the R value and model workability F=’) 
            F =(R^2*(r-2))/((1-R^2)*1 
            Fcr = input(‘Enter table value for Fcr=:’);  
if (F > Fcr) 
                disp(‘The model is proved functional and can be 
used to predict the behavior of the BO under analysis’) 
if (Cond_FF > maxval) 
                disp(‘Estimation of the growth parameters K and t0 
by using the regression coefficients estimated’) 
                disp(Estimation of K=:’)   
                K=B1 
                disp(‘Estimation of t0=:’) 
                t0=-(B0/B1) 
else 
                   disp(‘Estimation of the growth parameters K and 
t0 by using the regression coefficients estimated’) 
                disp(‘ Estimation of K=:’)   
                K=b1 
                disp(‘Estimation of t0=:’) 
                t0=-(B0/B1) 
 end 
else 
                disp(‘The model is proved non-functional and 
respectively cannot be used to predict the BO behavior’) 
end
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