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ABSTRACT

In this article, the author categorises the solid transportation problem (STP) under uncertain
environments.Heformulatesthemixedandfullyintuitionisticfuzzysolidtransportationproblems
(FIFSTPs)andutilizesthetriangularintuitionisticfuzzynumber(TIFN)todealwithuncertaintyand
hesitation.ThePSK(P.SenthilKumar)methodforfindinganintuitionisticfuzzyoptimalsolutionfor
fullyintuitionisticfuzzytransportationproblem(FIFTP)isextendedtosolvethemixedandtype-4
IFSTPandtheoptimalobjectivevalueofmixedandtype-4IFSTPisobtainedintermsoftriangular
intuitionisticfuzzynumber(TIFN).Themainadvantageofthismethodisthattheoptimalsolution
ofmixedandtype-4IFSTPisobtainedwithoutusingthebasicfeasiblesolutionandthemethod
oftestingoptimality.Moreover,theproposedmethodiscomputationallyverysimpleandeasyto
understand.Finally,theprocedurefortheproposedmethodisillustratedwiththehelpofnumerical
exampleswhichisfollowedbygraphicalrepresentationofthefinding.
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INTROdUCTION

Thetransportationproblemisaspecialclassoflinearprogrammingproblem,widelyusedinthe
areasofinventorycontrol,communicationnetwork,aggregateplanning,employmentscheduling,
personalmanagementandsoon.Inseveralreal-lifesituations,thereisaneedforshippingtheproduct
fromdifferentorigins(Factories)todifferentdestinations(warehouses).Thetransportationproblem
dealswithshippingcommoditiesfromdifferentoriginstovariousdestinations.Theobjectiveofthe
transportationproblemistodeterminetheoptimumamountofacommoditytobetransportedfrom
varioussupplypoints(origins)todifferentdemandpoints(destinations)sothatthetotaltransportation
costisminimumortotaltransportationprofitismaximum.

In thehistoryofmathematics,Hitchcock (1941)originallydevelopedabasic transportation
problem.Thetransportationalgorithmforsolvingtransportationproblemswithequalityconstraints
introduced by Dantzig (1963) is the simplex method specialized to the format of a table called
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transportationtable.Itinvolvestwosteps.First,wecomputeaninitialbasicfeasiblesolutionforthe
transportationproblemandthen,wetestoptimalityandlookatimprovingthebasicfeasiblesolution
tothetransportationproblem.Swarupetal.(1997)presentedtractsinoperationsresearchwhichdeals
thetransportationproblemwhenalltheparametersarecrispnumber.

Thesolidtransportationproblemisageneralizationoftheclassicaltransportationproblemin
whichthree-dimensionalpropertiesaretakenintoaccountintheobjectiveandconstraintsetinstead
ofsource(origin)anddestination.Shell(1955)statedanextensionofwell-knowntransportation
problemiscalledasolidtransportationprobleminwhichboundsaregivenonthreeitems,namely,
supply,demandandconveyance.Inmanyindustrialproblems,ahomogeneousproductistransported
fromanorigintoadestinationbymeansofdifferentmodesoftransportcalledconveyances,suchas
trucks,cargoflights,goodstrains,shipsandsoon.Haley(1962)presentedthesolutionprocedure
forsolvingsolidtransportationproblem,whichisanextensionofthemodifieddistributionmethod.
PatelandTripathy(1989)proposedacomputationallysuperiormethodforasolidtransportation
problemwithmixedconstraints.Basuetal.(1994)developedanalgorithmforfindingtheoptimum
solutionofasolidfixedchargelineartransportationproblem.

Forfindinganoptimalsolution,thesolidtransportationproblemrequiresm n l� � � 2 non-
negativevaluesofthedecisionvariablestostartwithabasicfeasiblesolution.JimenezandVerdegay
(1996)investigatedintervalmultiobjectivesolidtransportationproblemviageneticalgorithms.Li
etal.(1997a)designedaneuralnetworkapproachforamulticriteriasolidtransportationproblem.
RoyandMahapatra(2014)gavesolvingsolidtransportationproblemswithmulti-choicecostand
stochasticsupplyanddemand.Efficientalgorithmshavebeendevelopedforsolvingtransportation
problemswhenthecoefficientoftheobjectivefunction,demand,supplyandconveyancevaluesare
knownprecisely.

Manyofthedistributionproblemsareimpreciseinnatureintoday’sworldsuchasincorporate
orinindustryduetovariationsintheparameters.Todealquantitativelywithimpreciseinformation
inmakingdecision,Zadeh(1965)introducedthefuzzysettheoryandhasapplieditsuccessfully
invariousfields.Theuseoffuzzysettheorybecomesveryrapidinthefieldofoptimizationafter
thepioneeringworkdonebyBellmanandZadeh(1970).Thefuzzysetdealswiththedegreeof
membership(belongingness)ofanelementinthesetbutitdoesnotconsiderthenon-membership
(non-belongingness)ofanelementintheset.Inafuzzysetthemembershipvalue(levelofacceptance
orlevelofsatisfaction)liesbetween0and1whereasincrispsettheelementbelongstotheset
represent1andtheelementnotinthesetrepresent0.

Theunitfuzzycosts,thatis,thefuzzycostoftransportingoneunitfromaparticularsupply
pointtoaparticulardemandpoint,thefuzzyamountsavailableatthesupplypointsandthefuzzy
amountsrequiredatthedemandpointsaretheparametersofthefuzzytransportationproblem.Due
to the lackofcertainty in theparametersofacrisp transportationproblem,severalauthorshave
solvedtransportationproblemsunderfuzzyenvironment.Forexample,DinagarandPalanivel(2009)
investigated the transportation problem in fuzzy environment using trapezoidal fuzzy numbers.
Mohideen and Kumar (2010) gave a better fuzzy optimal solution to the problems proposed by
PandianandNatarajan(2010).Thetransportationproblemisaspecialkindoflinearprogramming
problem.Duetothis,Nasserietal.(2017)presentedageneralizedmodelforfuzzylinearprograms
withtrapezoidalfuzzynumbers.Kumar(2016a,2016b,2017a,2017b)formulateddifferenttypes
offuzzyandintuitionisticfuzzytransportationproblemsandproposedanewandefficientsolution
methodcalledPSKmethod.

Bitetal.(1993)presentedafuzzyprogrammingapproachtomultiobjectivesolidtransportation
problem.Genetal.(1995)gaveageneticalgorithmforsolvingabicriteriasolidtransportationproblem
withfuzzynumbers.Lietal.(1997b)discussedthegeneticalgorithmforsolvingfuzzymultiobjective
solidtransportationproblemwithfuzzynumbers.JimenezandVerdegay(1998)proposedasolution
procedure foruncertain solid transportationproblem. JimenezandVerdegay (1999)developeda
parametricapproachforsolvingfuzzysolidtransportationproblemsbyanevolutionaryalgorithm.
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Liu(2006)presentedamethodtofindthemembershipfunctionofthefuzzytotaltransportationcost
whentheunitshippingcosts,thesupplyanddemandquantities,andtheconveyancecapacitiesare
convexfuzzynumbers.Ojhaetal.(2009)presentedentropybasedsolidtransportationproblemfor
generalfuzzycostsandtimewithfuzzyequality.Chakrabortyetal.(2014)studiedmulti-objective
multi-itemsolidtransportationproblemwithfuzzyinequalityconstraints.Sinhaetal.(2016)presented
profitmaximizationsolidtransportationproblemwithtrapezoidalintervaltype-2fuzzynumbers.
Thus,severalresearchershavesolvedsolidtransportationproblemsunderfuzzyenvironment.

In conventional transportation problem supply, demand and costs are fixed crisp numbers.
Therefore,inthissituationtheDMcanpredicttransportationcostexactly.Onthecontraryinrealworld
transportationproblems,theavailabilitiesanddemandsarenotknownexactly.Theseareuncertain
quantitieswithhesitationduetovariousfactorslikelackofgoodcommunications,errorindata,
understandingofmarkets,unawarenessofcustomersandmanymore.Also,thecostsareinuncertain
quantitieswithhesitationduetovariousfactorslikevariationinratesoffuels,trafficjams,weather
etc.Insuchsituations,theDMcannotpredicttransportationcostexactly.He/Shemayhesitate.So,
tocountertheseuncertaintieswithhesitationAtanassov(1986)proposedtheintuitionisticfuzzyset
(IFS)whichismorereliablethanthefuzzysetproposedbyZadeh(1965).Themajoradvantageof
intuitionisticfuzzysetoverfuzzysetisthatIFSseparatesthedegreeofmembership(belongingness)
andthedegreeofnon-membership(non-belongingness)ofanelementintheset.Withthehelpof
IFStheorydecisionmakercandecideabout thedegreeofacceptance,degreeofnon-acceptance
anddegreeofhesitationforsomequantity.Incaseoftransportationproblem,theDMcandecide
aboutthelevelofacceptanceandnon-acceptanceforthetransportationcostorprofit.Duetothis,
theapplicationofIFStheorybecomesverypopularintransportation,decisionmaking,planning,
manufacturing,scheduling,etc.

Therefore,duetotheapplicationsofintuitionisticfuzzysettheory,severalauthorshavebeen
solvedoptimizationproblemsunderintuitionisticfuzzyenvironment.Forexample,Atanassov(1995)
presentedtheideasforintuitionisticfuzzyequations,inequalitiesandoptimization.Heformulatedthe
optimizationproblemsusingtheapparatusoftheIFSsandhestudiedtheimportanceofconsidering
theconceptofIFSsinoptimizationproblems.Further,hediscussedthathowtousetheapparatus
oftheIFSsinoptimizationproblems.RamíkandVlach(2016)studiedintuitionisticfuzzylinear
programmingandduality:alevelsetsapproach.PrabakaranandGanesan(2017)presentedduality
theory for intuitionistic fuzzy linear programming problems. Solving intuitionistic fuzzy linear
programmingproblembasedonrankingfunctionwasproposedbySudhaandKavithanjali(2017).
VirivintiandMitra(2018)presentedhandlingoptimizationunderuncertaintyusingintuitionistic
fuzzy-logic-basedexpectedvaluemodel.Nachammaietal.(2018)presentedacomparativestudyof
themethodsofsolvingintuitionisticfuzzylinearprogrammingproblem.Nasserietal.(2018)proposed
anapproachforsolvinglinearprogrammingproblemwithintuitionisticfuzzyobjectivecoefficient.
Thus,manyauthorshavesolvedLPPunderintuitionisticfuzzyenvironment.

Intuitionisticfuzzysolidtransportationproblemisageneralizationofthefuzzysolidtransportation
probleminwhichinputvaluesareexpressedasintuitionisticfuzzynumbers.Intuitionisticfuzzysolid
transportationproblemariseswhenthedecision-makerhassomevagueinformationabouttheproblem,
thatis,thedatahavinguncertaintyandhesitationintheparametersoftheproblem.

Asthereisahesitationintheparametersoffuzzytransportationproblem,severalauthorshave
beensolvedtransportationproblemunderintuitionisticfuzzyenvironment.Forexample,Hussainand
Kumar(2012a,2012b,2012c,)investigatedamethodforsolvingtransportationprobleminwhichall
theparametersexcepttransportationcostarerepresentedbyTIFN.HussainandKumar(2013)proposed
anoptimalmore-for-lesssolutionofmixedconstraintsintuitionisticfuzzytransportationproblems.
KumarandHussain(2014a)presentedasystematicapproachforsolvingmixedintuitionisticfuzzy
transportationproblems.SinghandYadav(2014)developedefficientapproachforsolvingtype-1
intuitionisticfuzzytransportationproblemwherethesupply,demandareTIFNsandthecostisfixed
crispnumber.KumarandHussain(2015)proposedamethodforsolvingunbalancedintuitionistic
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fuzzy transportationproblems.SinghandYadav(2015)developedfuzzyprogrammingapproach
forsolvingintuitionisticfuzzylinearfractionalprogrammingproblem.Computationallysimpleand
newmethodcalledPSKmethodforfindinganoptimalsolutiontofullyintuitionisticfuzzyreal-life
transportationproblemswaspresentedbyKumarandHussain(2016a).Recently,Kumar(2018a,
2018b,2018c)formulatedbalancedandunbalancedIFTPsandsolvedthesamebyusingdifferent
solutionalgorithms.Therefore,severalauthorshavesolvedintuitionisticfuzzytransportationproblems.
Thereareseveralpapersintheliteratureinwhichtriangularintuitionisticfuzzynumbersareused
forsolvingreallifeproblemsbuttothebestofourknowledge,tillnownoonehasusedtriangular
intuitionisticfuzzynumbersforsolvingthesolidtransportationproblems.

The allocation problem is one of the most important problems of management science. In
general,boththetransportationproblemsandtheassignmentproblemsarecalledallocationproblems
oroptimizationproblems.Thetransportationproblemdealswithassigningsourcestodestinations
and theassignmentproblemdealswithassigning jobs tomachines.Anassignmentproblemisa
particularcaseoftransportationproblemwherethesourcesareassigneesandthedestinationsare
tasks.Furthermore,everysourcehasasupplyof1(sinceeachassigneeistobeassignedtoexactly
onetask)andeverydestinationhasademandof1(sinceeachtaskistobeperformedbyexactly
oneassignee).Also,theobjectiveistominimizethetotalcostortomaximizethetotalprofitof
allocation.Hence,everyintuitionisticfuzzyassignmentproblemcanberepresentedbyintuitionistic
fuzzytransportationproblemiftheirsupplyofsourcesanddemandofdestinationsshouldbeexactly
one.Ingeneral, theobjectiveof theallocationproblemis toassigntheavailableresources inan
economicway.Whentheresourcestobeallocatedarescarce,awell-plannedactionisnecessary
foradecision-makertoattaintheoptimalutility.Ifthesupplyingsourcesandthereceivingagents
arelimited,thebestpatternoftheallocationtogetthemaximumreturnorthebestplanwiththe
leastcost,whichevermaybeapplicabletotheproblem,istobefoundout.Inliterature,Kumarand
Hussain(2014b,2014c,2014d)proposeddifferentmethodstosolvethedifferentkindsofintuitionistic
fuzzyassignmentproblem.KumarandHussain(2016b,2016c)presentedthesolutionmethodsfor
solvingfullyintuitionisticfuzzyreal-lifeassignmentproblemandunbalancedintuitionisticfuzzy
assignmentproblem.Kumar(2018d)developedasimpleandefficientalgorithmforsolvingtype-1
intuitionistic fuzzysolid transportationproblems.Kumar (2018e)presented thePSKmethod for
solvingintuitionisticfuzzysolidtransportationproblems.Recently,variouskindsofoptimization
problemsunderfuzzyandintuitionisticfuzzyenvironmentwerepresentedbyKumar(2018f,2018g,
2018h,2019a,2020a,2020b).

Rankingofalternativesinintuitionisticfuzzyenvironmentplaysamajorroleindecisionmaking.
Burilloetal.(1994)proposeddefinitionofintuitionisticfuzzynumberandstudieditsproperties.A
numberofresearcherslikeGrzegorzewski(2003),Nehietal.(2005),Nayagametal.(2008),Guha
andChakraborty(2010),DengFengLietal.(2010),Nehi(2010),DasandGuha(2013),Shabaniand
Jamkhaneh(2014)studiedIFNsandanalyzeditsproperties.Correspondingtoeveryintuitionisticfuzzy
number,VargheseandKuriakose(2012)haveproposeditscrispequivalentusingitsnon-membership
andmembershipfunction.MahapatraandRoy(2009),ShawandRoy(2012),MahapatraandRoy
(2013),Veluetal.(2017),Kumaretal.(2017)haveproposedrankingmethodsandsomearithmetic
operationsontriangular/trapezoidalintuitionisticfuzzynumbers.

In thisarticle,PSKmethodfor finding the intuitionistic fuzzyoptimalsolutionfor fully
intuitionisticfuzzytransportationproblemisextendedtosolvethemixedandtype-4IFSTPsin
singlestage.Theoptimalobjectvalueofmixedandtype-4IFSTPisobtainedintermsofTIFN.
TheexistingorderingprocedureofVargheseandKuriakoseisusedtotransformthemixedand
type-4IFSTPintoacrisponesothattheconventionalmethodmaybeappliedtosolvetheSTP.
TheoccupiedcellsofcrispSTPthatweobtainedareassameastheoccupiedcellsofmixed
andtype-4IFSTP,butthevalueofoccupiedcellsofmixedandtype-4IFSTPisthemaximum
possiblevalueofcrispsupply(orfuzzy/intuitionisticfuzzysupply),crispdemand(orfuzzy/
intuitionistic fuzzy demand) and crisp conveyance capacities (or fuzzy/intuitionistic fuzzy
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conveyancecapacities).OnthebasisofthisideathesolutionprocedureisdiffersfromSTPto
mixedandtype-4IFSTPinallocationsteponly.Therefore,thePSKmethodforsolvingFIFTP
isextendedtosolvethemixedandtype-4IFSTP.Moreover,theauthorprovedatheorem,which
statesthateverysolutionobtainedbyPSKmethodtofullyintuitionisticfuzzysolidtransportation
problemwithequalityconstraintsisafullyintuitionisticfuzzyoptimal.

Thearticleisorganizedinthefollowingmanner.Somepreliminarydefinitionsandthe
KumarandHussain’s(2016a)multiplicationoperationforTIFNwillbeexplainedinSection
2. Section 3 presents the ranking procedure and ordering principles of TIFN. Section 4
describesthedefinitionoffullyintuitionisticfuzzysolidtransportationproblem(FIFSTP)and
itsmathematicalformulation.Section5consistsofthePSKMethodwithnewtheoremsand
remarks.Section6providesthenumericalexample,resultsanddiscussion.Thelastsection
drawssomeconclusions.

PReLIMINARIeS

Inthissection,somebasicdefinitionsandKumarandHussain’s(2016a)multiplicationoperation
isgiven.

Definition:LetX beafiniteuniversalset.AnintuitionisticfuzzysetA inX isanobjecthaving
the form A x x x x X

A A
= ( ) ( ) ∈{ }, , :µ ϑ , where the functions � , : ,µ ϑ

A A
x x X( ) ( ) → 


0 1 

definerespectively,thedegreeofmembershipanddegreeofnon–membershipoftheelement
x X∈ tothesetA ,whichisasubsetofX,andforeveryelement x X∈ ,�0 1≤ ( )+ ( ) ≤µ ϑ

A A
x x .

Furthermore,wehave π µ ϑ
A A A
x x x( ) = − ( )− ( )1 calledtheintuitionisticfuzzysetindexor

hesitationmarginof x inA . π
A
x( ) isthedegreeofindeterminacyof x X∈ totheIFSA 

and π
A
x( ) ∈  0 1,  i.e., π

A
x X( ) → 


: ,0 1  and 0 1≤ ( ) ≤π

A
x  for every x X∈ . π

A
x( ) 

expressesthelackofknowledgeofwhetherx belongstoIFSA ornot.

For  example ,  l e t  A  be  an  in tu i t ion is t ic  fuzzy  set  wi th  µ
A
x( ) = 0 5.  and

ϑ π
A A
x x( ) = ⇒ ( ) = − +( ) =0 4 1 0 5 0 4 0 1. . . . . Itcanbeinterpretedas“thedegreethattheobject

x belongstoIFSA is0.5,thedegreethattheobject x doesnotbelongstoIFSA is0.4andthe
degreeofhesitancyis0.1”.

Definition (Mahapatra, B. S., & Mahapatra, G. S. (2010)):AnIntuitionisticFuzzyNumber
(IFN) �AI is:
1. AnintuitionisticfuzzysubsetofthereallineR,
2. Normal,thatis,thereissomex R

0
∈ suchthatµ �AI x0

1( ) = , ϑ�AI x0
0( ) = ,

3. C o n v e x  f o r  t h e  m e m b e r s h i p  f u n c t i o n  µ �AI x( ) ,  t h a t  i s ,

µ λ λ µ µ� � �A A AI I Ix x x x
1 2 1 2

1+ −( )( ) ≥ ( ) ( )( )min , ,foreveryx x R
1 2
, ,∈ λ ∈ 


0 1, ,

4. Concave for the non – membership function ϑ�AI x( ) , i.e., ϑ λ λ�AI
x x

1 2
1+ −( )( ) ≤ 

max , ,ϑ ϑ� �A AI Ix x
1 2( ) ( )( ) foreveryx x R

1 2
, ∈ ,λ ∈ 


0 1, .

Definition:AfuzzynumberAisdefinedtobeatriangularfuzzynumber(TFN)ifitsmembership
functions  µ

A
:ℝ→[0,1]isequalto:
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�

� ,

� ,
µ
A
x

x a

a a
if x a a

a x

a a
if x a a

( ) =

−

−
∈ 




−

−
∈ 




1

2 1
1 2

3

3 2
2 3

0 OOtherwise











�

Definition:ATriangularIntuitionisticFuzzyNumber(ÃIisanintuitionisticfuzzysetinRwiththe
followingmembershipfunction  µ

A
x( ) andnon-membershipfunctionϑ

A
x( ) :) :

�

, �

, �

, �

,

µ
A
x

x a

x a

a a
a x a

x a

a x

a a

( ) =

<
−

−
≤ ≤

=
−

−

0

1

1

1

2 1
1 2

2
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3 2
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for
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A
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a x
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a x a

x a

x a
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−
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where � ’ ’a a a a a
1 1 2 3 3
≤ ≤ ≤ ≤ andµ ϑ

A
x x( ) ( ) ≤, .

A
0 5 forµ ϑ

A
x x( ) = ( )A

,∀ ∈x R. ThisTIFN

isdenotedby �AI  = a a a a a a
1 2 3 1 2 3
, , , ,' '( )( ) .

Particular Cases

Let �AI  = a a a a a a
1 2 3 1 2 3
, , , ,' '( )( ) beaTIFN.Thenthefollowingcasesarise.

Case 1:If � ’a a
1 1
= , � ’

�
a a

3 3
= then �AI representTriangularFuzzyNumber(TFN).Itisdenotedby

�A a a a= ( )1 2 3
, , .

Case 2:If � ’
����

’a a a a a m
1 1 2 3 3
= = = = = then �AI representarealnumber  m .

Definition:Let �A a a a a a aI = ( )( )1 2 3 1 2 3
, , , ,' ' and �B b b b b b bI = ( )( )1 2 3 1 2 3

, , , ,' ' beanytwoTIFNsthen
thearithmeticoperationsasfollows:
◦ Addition: � �A BI I⊕ = a b a b a b a b a b a b

1 1 2 2 3 3 1 1 2 2 3 3
+ + +( ) + + +( ), , , ,' ' ' '

◦ Subtraction:ÃIBĨ= a b a b a b a b a b a b
1 3 2 2 3 1 1 3 2 2 3 1
− − −( ) − − −( ), , , ,' ' ' '

◦ Multiplication:KumarandHussain’s(2016a)multiplicationoperation:

� � � � � � �A BI I⊗ = ℜ( ) ℜ( ) ℜ( )( ) ℜ( ) ℜ( )a B a B a B a B a B aI I I I I
1 2 3 1 2

, , , ,'
33
'ℜ( )( )�BI ifℜ( ) ℜ( ) ≥� �A BI I, 0 

Remark:AlltheparametersoftheconventionalSTPsuchassupply,demand,costandconveyance
capacityareinpositive.Sinceintransportationproblems,negativeparametershavenophysical
meaning.Hence,intheproposedmethodalltheparametersmaybeassumedasnon-negative
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triangularintuitionisticfuzzynumber.Onthebasisofthisideaweneednotfurtherinvestigate
themultiplicationoperationundertheconditionthatℜ( ) ℜ( ) <� �A BI I, 0 .

Scalarmultiplication:

1. kA ka ka ka ka ka ka forI ' '� = ( )( ) ≥
1 1 2 32 3

0, , , , , k

2. kA ka ka ka ka ka ka kI� = ( )( ) <
3 2 1 3 2 1

0, , , , ,' '  for

COMPARISON OF TIFN

Definition:Let �A a a a a a aI = ( )( )1 2 3 1 2 3
, , , ,' ' and �B b b b b b bI = ( )( )1 2 3 1 2 3

, , , ,' ' betwoTIFNs.Thenthe
setofTIFNsisdefinedasfollows:
1. ℜ �AI( ) >ℜ �BI( ) ifandonlyif �AI ≻ �BI ;

2. ℜ �AI( ) <ℜ �BI( ) ifandonlyif �AI ≺ �BI ;

3. ℜ �AI( ) =ℜ �BI( ) ifandonlyif �AI ≈ �BI ,where:

ℜ( ) =
−( ) − −( )+ −( ) + +( )+

�A
a a a a a a a a a a a

I 1

3

2 2 3
3 1 2 3 1 3 1 1 2 3 3

2

�

’ ’ ’ ’ ’� −−( )
− + −



















a

a a a a

1

3 1 3 1

2’

’ ’

�



ℜ( ) =
− − −( )+ −( ) + +( )+

�B
b b b b b b b b b b b

I 1

3

2 2 3
3 1 2 3 1 3 1 1 2 3 3

2

�
( )’ ’ ’ ’ ’� −−( )

− + −



















b

b b b b

1

3 1 3 1

2’

’ ’

�



Whenevertheaboveformuladoesn’tprovidefinitevaluethenwecanmakeuseofthefollowing
formula.Thescorefunctionforthemembershipfunction µ

A
x( ) isdenotedby S x

A
µ ( )( ) andis

definedby �S x
a a a

A
µ ( )( ) = + +

1 2 3
2

4
.

Thescorefunctionforthenon-membershipfunction ϑ
A
x( )  isdenotedby S x

A
ϑ ( )( ) andis

definedbyS x
a a a

A
ϑ ( )( ) = + +

1 2 3
2

4

' '

.

Theaccuracyfunctionof �AI isdenotedby f AI�( ) andisdefinedby:

f A
S x S x a a a a a a

I A A�( ) =
( )( ) + ( )( )

=
+ +( ) + + +µ ϑ� �

2

2 2

8
1 2 3 1 2 3

( )’ ’



Fromtheaccuracyfunction,wehave:

1. f �AI( ) >f �BI( ) ifandonlyif �AI ≻ �BI ;

2. f �AI( ) <f �BI( ) ifandonlyif �AI ≺ �BI ;
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3. f �AI( ) =f �BI( ) ifandonlyif �AI ≈ �BI .

Definition:Theordering and≼betweenanytwoTIFNs �AI and �BI aredefinedasfollows:
1. �AI   �BI iff �AI ≻ �BI or �AI ≈  �BI ;
2. �AI   �BI iff �AI ≺ �BI or �AI ≈  �BI 

Definition:Let �ω
r
I r m, , , ,= …{ }1 2 beasetofTIFNs.Ifℜ( ) ≤ ℜ( )� �ω ω

p
I

r
I forallr,thentheTIFN

�ω
p
I istheminimumof �ω

r
I r m, , , ,= …{ }1 2 .

Definition:Let �ω
r
I r m, , , ,= …{ }1 2 beasetofTIFNs.Ifℜ( ) ≥ ℜ( )� �ω ω

s
I

r
I forallr,thentheTIFN

�ω
s
I isthemaximumof �ω

r
I r m, , , ,= …{ }1 2 .

FULLy INTUITIONISTIC FUZZy SOLId TRANSPORTATION 
PROBLeM ANd ITS MATHeMATICAL FORMULATION

Thefollowingbasicterminologiesusedinthisarticlearedefinedinthissection.

Definition:Ifthesolidtransportationproblemhasatleastoneoftheparameters(cost)orthreeofthe
parameters(supply,demandandconveyancecapacity)oralloftheparameters(supply,demand,
conveyancecapacityandcost)inintuitionisticfuzzynumbersthentheproblemiscalledIFSTP.
OtherwiseitisnotanIFSTP.

Further,solidintuitionisticfuzzytransportationproblemcanbeclassifiedintofourcategories.
Theyare:

1. Type-1intuitionisticfuzzysolidtransportationproblem(type-1IFSTP);
2. Type-2intuitionisticfuzzysolidtransportationproblem(type-2IFSTP);
3. Type-3intuitionisticfuzzysolidtransportationproblem(type-3IFSTPorMixedIntuitionistic

FuzzysolidTransportationProblem(MIFSTP));
4. Type-4intuitionisticfuzzysolidtransportationproblem(type-4IFSTPorFullyIntuitionistic

FuzzysolidTransportationProblem(FIFSTP)).

Definition:Asolidtransportationproblemhavingintuitionisticfuzzyavailabilities,intuitionisticfuzzy
demandsandintuitionisticfuzzyconveyancecapacitybutcrispcostsistermedasintuitionistic
fuzzysolidtransportationproblemoftype-1.

Definition: A solid transportation problem having crisp availabilities crisp demands and crisp
conveyance capacity but intuitionistic fuzzy costs is termed as intuitionistic fuzzy solid
transportationproblemoftype-2.

Definition: The solid transportation problem is said to be the type-3 intuitionistic fuzzy solid
transportation problem or mixed intuitionistic fuzzy solid transportation problem if all the
parametersofthesolidtransportationproblem(suchassupplies,demands,conveyancecapacities
andcosts)mustbeinthemixtureofcrispnumbers,triangularfuzzynumbersandtriangular
intuitionisticfuzzynumbers.

Definition: The solid transportation problem is said to be the type-4 intuitionistic fuzzy solid
transportation problem or fully intuitionistic fuzzy solid transportation problem if all the
parametersofthesolidtransportationproblem(suchassupplies,demands,conveyancecapacities
andcosts)mustbeinintuitionisticfuzzynumbers.
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Definition:Theintuitionisticfuzzysolidtransportationproblemissaidtobebalancedintuitionistic
fuzzysolidtransportationproblemiftotalintuitionisticfuzzysupplyandtotalintuitionisticfuzzy
demandisequaltototalintuitionisticfuzzyconveyancecapacity.

Thatis:

i

m

i
I

j

n

j
I

k

l

k
Ia b e

� � �
� � �� �

1 1 1





 

Definition: The intuitionistic fuzzy solid transportation problem is said to be an unbalanced
intuitionistic fuzzy solid transportation problem if total intuitionistic fuzzy supply and total
intuitionisticfuzzydemandisnotequaltototalintuitionisticfuzzyconveyancecapacity.

Thatis:
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i
I
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j
I
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Definition: A set of intuitionistic fuzzy non-negative allocations  xijk
I I> 0  satisfies the supply,

demandandconveyancerestriction(i.e.,whichsatisfiestheEquations(1),(2)and(3))isknown
asintuitionisticfuzzyfeasiblesolution.

Definition:Anyfeasiblesolutionisanintuitionisticfuzzybasicfeasiblesolutionifthenumberofnon-
negativeallocationsisatmost m n l+ + −( )2 wheremisthenumberoforiginsandnisthenumber
ofdestinationsandlisthenumberofconveyancesinthem n l× ×  solidtransportationtable.

Definition:Iftheintuitionisticfuzzybasicfeasiblesolutioncontainslessthan m n l+ + −( )2 non-
negativeallocationsinm n l× ×  solidtransportationtable,itissaidtobedegenerate.

Definition:Anyintuitionistfuzzyfeasiblesolutiontoasolidtransportationproblemcontainingm
originsandndestinationsandlconveyancesissaidtobeintuitionistfuzzynon-degenerate,ifit
containsexactly m n l+ + −( )2 occupiedcells.

Definition:Theintuitionisticfuzzybasicfeasiblesolutionissaidtobeintuitionisticfuzzyoptimal
solution if it minimizes the total intuitionistic fuzzy transportation cost, that is, minimize

i

m

j

n

k

l

ijk
I

ijk
Ic x

= = =
∑∑∑ ⊗

1 1 1

� �  subject to the constraints (or) it maximizes the total intuitionistic fuzzy

transportationprofit.
Definition (Mathematical Formulation of FIFSTP):Consider transportationwithmorigins,n

destinationsandlconveyances.Let�c c c c c c c
ijk
I

ijk ijk ijk ijk ijk ijk
= ( )( )′ ′1 2 3 1 2 3, , , , betheunitcostoftransporting

oneunitof theproduct fromithorigin to jthdestinationbymeansof thekthconveyance.Let
�a a a a a a a
i
I

i i i i i i
= ( )( )′ ′1 2 3 1 2 3, , , ,  be the quantity of commodity available at origin i. Let

� , , , ,�b b b b b b b
j
I

j j j j j j
= ( )( )′ ′1 2 3 1 2 3 betheamountofthequantityofcommodityneededatdestination

j .  Let �e
k
I  be the amount of the mater ial  transpor ted by k th conveyance. Let

�x x x x x x x
ijk
I

ijk ijk ijk ijk ijk ijk
= ( )( )′ ′1 2 3 1 2 3, , , , bethenumberofunitsofquantitytransportedfromithorigin

tojthdestinationbymeansofthekthconveyance.Ourobjectiveistominimizethetotalintuitionistic
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fuzzytransportationcostsatisfyingintuitionisticfuzzysupply,intuitionisticfuzzydemandand
intuitionisticfuzzyconveyanceconstraints.

ASTPhavinguncertaintyandhesitationintransportationcosts,supply,demandandconveyance
(i.e.,capacityofdifferentmodesoftransport)canbeformulatedasfollows:

(FIFSTP)(P)Minimize � � �Z c xI

i

m

j

n

k

l

ijk
I

ijk
I= ⊗

= = =
∑∑∑

1 1 1



subjectto:

i

m

k

l

ijk ijk ijk ijk ijk ijk i i
x x x x x x aa

= =

′ ′∑∑( )( ) ≈
1 1

1 2 3 1 2 3 1� , , , , , 22 3 1 2 3 1 2, , , , � , , ,a a a i ma
i j j j( )( ) = …′ ′ for  (1)

i

m

k
ijk ijk ijk ijk ijk ijk

l

j j
x x x x x x bb

= =

′ ′∑∑( )( ) ≈
1 1

1 2 3 1 2 3 1� , , , , , 22 3 1 2 3 1 2, , , , � , , ,b b b j nb
j j j j( )( ) = …′ ′ for  (2)

i

m

j
ijk ijk ijk ijk ijk ijk

n

k k
x x x x x x ee

= =

′ ′∑∑( )( ) ≈
1 1

1 2 3 1 2 3 1� , , , , , 22 3 1 2 3 1 2, , , , � , , ,e e e k le
k k k k( )( ) = …′ ′ for  (3)

x x x x x x i m
ijk ijk ijk ijk ijk ijk

I1 2 3 1 2 3 0 1 2, , , , , , , ,( )( ) = …′ ′  � for 

                                              andj n= …1 2, , ,

                                             k l= …1 2, , ,

 (4)

where:

m=thenumberofsupplypoints
n=thenumberofdemandpoints
l =thenumberofconveyances

Whenthesupplies,demandsandcostsareintuitionisticfuzzynumbers,thentheminimumtotal
costbecomesanintuitionisticfuzzynumber.Symbolicallyitcanbenotedthat �Z I where:

� � �Z c xI

i

m

j

n

k

l

ijk
I

ijk
I= ⊗

= = =
∑∑∑

1 1 1



Henceitcannotbeminimizeddirectly.Forsolvingtheproblemweconverttheintuitionistic
fuzzysupplies �a

i
I( ) ,intuitionisticfuzzydemands �b

j
I( ) ,intuitionisticfuzzyconveyancecapacities

�e
k
I( ) andtheintuitionisticfuzzycosts �c

ijk
I( ) intocrisponesbyanintuitionisticfuzzynumberranking

methodofVargheseandKuriakose.
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Considertransportationwithmorigins,ndestinationsandlconveyances.Let c
ijk

betheunit
cost of transportingoneunit of theproduct from ith origin to jth destinationbymeansof thekth
conveyance.Leta

i
bethequantityofcommodityavailableatorigini.Let  b

j
betheamountofthe

quantityofcommodityneededatdestinationj.Lete
k

betheamountofthematerialtransportedby
kthconveyance.Letx

ijk
bethenumberofunitsofquantitytransportedfromithorigintojthdestination

bymeansofthekthconveyance.Ouraimistodeterminetransportationscheduletominimizethe
transportationcostsatisfyingsupply,demandandconveyanceconstraints:

(P*)Minimize � � �Z c xI

i

m

j

n

k

l

ijk
I

ijk
I= ℜ( )⊗ℜ( )

= = =
∑∑∑

1 1 1



subjectto:

j k

l
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I

j
I

n

x j ma
= =
∑∑ℜ( ) ≈ ℜ( ) = …

1 1

1 2� , � , , ,� � for  (5)
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I

j
Ix b j n

= =
∑∑ℜ( ) ≈ ℜ( ) = …

1 1

1 2� ,� � , , ,� � for  (6)
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I

k
Ix e k l

= =
∑∑ℜ( ) ≈ ℜ( ) = …

1 1

1 2� ,� � , , ,� �  for  (7)

ℜ( ) = …

= …

� �x i m

j n
ijk
I I 0 1 2

1 2

, , , ,

, , ,

for 

                for  annd

                    k l= …1 2, , ,

 (8)

Sinceℜ �c
ijk
I( ) , ℜ( ) ℜ( ) ℜ( )� � �a b e

i
I

j
I

k
I, , , allarecrispvalues,thisproblem(P*)isobviouslythe

crispsolidtransportationproblemoftheform(P)whichcanbesolvedbytheconventionalmethod
namelytheModifiedDistributionMethodorMinZero-MinCostmethod.Oncetheoptimalsolution
x * ofModel(P*)isfound,theoptimalintuitionisticfuzzyobjectivevalue �Z I * oftheoriginalproblem
canbecalculatedas:

� � �Z c xI

i

m

j

n

k

l

ijk
I

ijk
I* *= ⊗

= = =
∑∑∑

1 1 1



where, �c c c c c c c
ijk
I

ijk ijk ijk ijk ijk ijk
= ( )( )′ ′1 2 3 1 2 3, , , , , �x x x x x x x

ijk
I

ijk ijk ijk ijk ijk ijk
= ( )( )′ ′1 2 3 1 2 3, , , , . Ifm=3,n=3andl=3then

theFIFSTP(seeTable1)anditsequivalentcrispSTP(refertoTable2)canbestatedinthetabular
formshown.
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Result 1:Thebalancedconditionisthenecessaryandsufficientconditionfortheexistenceofa
feasiblesolutiontotheSIFTP.

Result 2:If l =1 ,thenumberofconveyancesisonlyone,theaboveproblemreducestoanIFTP.

Nowanewmethodisproposed,namely,PSKmethodforfindinganoptimalsolutiontothe
mixedandfullyintuitionisticfuzzysolidtransportationproblems.

PSK MeTHOd

ThePSKmethodproceedsasfollows:

Step 1:FormulateaTPwithdifferentorigins,numerousdestinationsandvarioustypesof
conveyances.This typeofproblem iscalledSTPor three-dimensional transportation
problems. Consider the STP having all the parameters such as supply, demand, unit
transportation cost and conveyance capacities must be a mixture of crisp numbers,
triangularfuzzynumbersandtriangularintuitionisticfuzzynumbers(Thissituationis
knownasMIFSTP).

Step 2:Examinewhetherthetotalintuitionisticfuzzysupply,totalintuitionisticfuzzydemandand
totalintuitionisticfuzzyconveyancecapacitiesareallequal(oritsallrankingindexmustbe
equal).Ifnot,changeit.Thisstepgivesthebalancedmixedintuitionisticfuzzysolidtransportation
problem(BMIFSTP).

Step 3:Afterusingstep2,convertBMIFSTPintobalancedfullyintuitionisticfuzzysolidtransportation
problem(BFIFSTP)usingthefollowingsteps:

Table 1. Tabular representation of 3 × 3 × 3 FIFSTP

Capacity
�e I
k

E1 E1 E1 �e I
1

E2 E2 E2
�e I
2

E3 E3 E3
�e I
3

D1 D2 D3

Supply
�a
i
I

O1 �cI
111

�cI
112

�cI
113

�cI
121

�cI
122

�cI
123

�cI
131

�cI
132

�cI
133

�aI
1

O2 �cI
211

�cI
212

�cI
213

�cI
221

�cI
222

�cI
223

�cI
231

�cI
232

�cI
233

�aI
2

O3 �cI
311

�cI
312

�cI
313

�cI
321

�cI
322

�cI
323

�cI
331

�cI
332

�cI
333

�aI
3

Demand
�b
j
I �b I

1
�b I
2

�b I
3
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1. Ifanyoneormoreinthesupplies/demands/conveyancecapacities/costsofatransportation
problem having a real number say a1� �  that can be expanded as a TIFN

a a a a a a a
1 1 1 1 1 1 1
� � �� �, , , , ;

2. Ifanyoneormoreinthesupplies/demands/conveyancecapacities/costsofatransportation
problemhavingatriangularfuzzynumbersay a a a

1 2 3
, ,� � thatcanbeexpandedasaTIFN

a a a a a a a a a
1 2 3 1 2 3 1 2 3
, , , , , ,� � � � �� � ;

3. Ifanyoneormoreinthesupplies/demands/conveyancecapacities/costsofatransportation
problem having a TIFN say a a a a a a

1 2 3 1 2 3
, , , ,

' '� �� �  that can be kept as it is. That is

a a a a a a a a a a a a
1 2 3 1 2 3 1 2 3 1 2 3
, , , , , , , ,

' ' ' '� �� � � � �� � .
Step 4:Afterusingstep3,transformtheBFIFSTPintoitsequivalentcrispSTPusingtheranking

procedureasmentionedinsection3.
Step 5:Now,thecrispSTPhavingalltheentriesofsupply,demand,unittransportationcostsand

conveyancecapacitiesareinintegersthenkeptasitis.Otherwiseatleastoneorallofthesupply,
demand,unittransportationcostsandconveyancecapacitiesarenotinintegersthenrewriteits
nearestintegervalue.

Step 6:Afterusingstep5oftheproposedmethod,nowsolvethecrispSTPbyusinganyoneofthe
existingmethods(ModifiedDistributionMethodorMinZero-MinCost).Thisstepyieldsthe
optimalallocationandoptimalobjectivevalueofthecrispSTP(Theoptimalallottedcellincrisp
solidtransportationtableisreferredasoccupiedcells.Theremainingcellsarecalledunoccupied

Table 2. Tabular representation of crisp 3 × 3 × 3 STP

Capacity
�e I
k

E1 E1 E1
ℜ( )�e I1

E2 E2 E2

ℜ( )�e I2

E3 E3 E3

ℜ( )�e I3

D1 D2 D3

Supply
�a
i
I

O1
ℜ( )�cI111 ℜ( )�cI112 ℜ( )�cI113 ℜ( )�cI121 ℜ( )�cI122 ℜ( )�cI123 ℜ( )�cI131 ℜ( )�cI132 ℜ( )�cI133 ℜ( )�aI1

O2
ℜ( )�cI211 ℜ( )�cI212 ℜ( )�cI213 ℜ( )�cI221 ℜ( )�cI222 ℜ( )�cI223 ℜ( )�cI231 ℜ( )�cI232 ℜ( )�cI233 ℜ( )�aI2

O3
ℜ( )�cI311 ℜ( )�cI312 ℜ( )�cI313 ℜ( )�cI321 ℜ( )�cI322 ℜ( )�cI323 ℜ( )�cI331 ℜ( )�cI332 ℜ( )�cI333 ℜ( )�aI3

Demand
�b
j
I ℜ( )�b I1 ℜ( )�b I2 ℜ( )�b I3
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cells.ThenumberofoccupiedcellsincrispSTPwhichareexactly m n l� � �� �2 andallhas

zerocost.Similarly,inFIFSTPalsohavethesame m n l� � �� �2 numberofoccupiedcells
but its corresponding costs are intuitionistic fuzzy zeros). Now, construct the new fully
intuitionisticfuzzysolidtransportationtable(FIFSTT)whoseoccupiedcellscostsareintuitionistic
fuzzyzerosandtheremainingcellscostsareitsoriginalcost.Now,subtracttheminimumcost
ofeachsourcefromalltheelementsofthatsource.Now,subtracttheminimumcostofeach
destinationfromalltheelementsofthatdestination.Thensubtracttheminimumcostofeach
conveyancefromalltheelementsofthatconveyance.Clearly,eachsource,eachdestinationand
eachconveyanceoftheresultingtablehasatleastoneintuitionisticfuzzyzero.Thus,thecurrent
resultingtableistheallotmenttable.

Step 7:Afterusingstep6oftheproposedmethod,nowwechecktheallotmenttableifoneor
moreanorigin/ademand/aconveyancehavingexactlyoneoccupiedcell(intuitionisticfuzzy
zero) then allot the maximum possible value (i.e., minimum of supply, demand and
conveyancecapacities)tothatcellandadjustthecorrespondingsupplyanddemand/demand
and conveyance capacity/conveyance capacity and supply. Otherwise, if all the origins/
destinations/conveyanceshavingmorethanoneoccupiedcellsthenselectacellintheα -
origin,β -destinationandγ-conveyanceofthetransportationtablewhosecostismaximum
(Ifthemaximumcostismorethanonei.e.,atieoccursthenselectarbitrarily)andexamine
whichoneofthecellhavingminimumoriginalcost(Iftheminimumoriginalcostismore
thanonei.e.,atieoccursthenselectarbitrarily)amongalltheoccupiedcellsinthatorigin/
destination/conveyancethenallotthemaximumpossiblevaluetothatcell.Inthismanner
proceedselectedorigin,destinationandconveyanceentirely.Iftheentireorigin,destination
andconveyanceoftheoccupiedcellshavingfullyallottedthenselectthenextmaximum
costofthetransportationtableandexaminewhichoneofthecellsisminimumcostamong
all theoccupiedcells in thatorigin,destinationandconveyancethenallot themaximum
possiblevaluetothatcell.Repeatthisprocessuntilallintuitionisticfuzzysupplypointsare
fully used, all intuitionistic fuzzy demand points are fully received and all conveyance
capacitiesarefullyused.Thisallotmentyieldsthefullyintuitionisticfuzzysolutiontothe
givenfullyintuitionisticfuzzysolidtransportationproblem.

Remark:Allot themaximumpossiblevalue to theoccupiedcells inFIFSTPwhich is themost
preferableorigin/adestination/aconveyancehavingexactlyoneoccupiedcell.Further,wecheck
theminimumnumberofzerosoriginwise,demandwiseandconveyancewiseintheallotment
tableandallotthemaximumpossiblevaluetothezerocellshavingminimumoriginalcost.If
morethanoneoccurs,thenselectarbitrarily.

Remark:FromtheMODImethod,weconcludethatthem n l× × STPhaveexactlym n l� � � 2 
numberofnon-negativeindependentallocations.

Remark:FromtheMin-ZeroMin-CostMethod,wecanmakeexactlym n l� � � 2 numberof
zeros (zero referred to as zero cost) in the cost matrix. All these zeros (costs) are in
independentpositions.

Remark:FromthefirsttwoRemarksofthissection,wecandirectlyreplacetheintuitionisticfuzzy
zerosinsteadoforiginalcostsintheoccupiedcellsintheoriginalFIFSTP.Thismodification
doesnotaffecttheoriginalityoftheproblem.

Now,weprovethefollowingtheoremswhichareusedtoderivethesolutiontoanintuitionistic
fuzzysolidtransportationproblemobtainedbythePSKmethodisanintuitionisticfuzzyoptimal
solutiontothefullyintuitionisticfuzzysolidtransportationproblem.
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Theorem

If x i m j n k lijk
IO

, , , , ; , , , ; , ,� � � � � �� �1 2 1 2 1 2 and isanoptimalsolutionoftheproblem(Q):

(Q)Minimum
i

m

j

n

k

l

ijk
I

i
I

j
I

k
I

ijk
Ic u v w x

� � �
���� �

1 1 1

    � � � 

subjecttoEquations(1)-(4)and:

   c u v w i j kijk
I

i
I

j
I

k
IΘ Θ Θ  0, , for all   and  (9)

where ui
I (minimumcostofithsourceofthenewlyconstructedtransportationtable cijk

I ), v j
I (minimum

costof jth destinationof the resulting transportation table  c uijk
I

i
I��� �� , wk

I  (minimumcostofkth

conveyance of the resulting transportation table   c u vijk
I

i
I

j
I� ��� �� , are any real values, then

x i m j n k lijk
IO

, , , , ; , , , ; , ,� � � � � �� �1 2 1 2 1 2 and isanoptimumsolutiontotheproblem(P).

Proof

Let ui
I betheminimumcostofithsourceofthenewlyconstructedtransportationtable cijk

I�� �� .Now,

wesubtract ui
I fromtheithsourceentriessothattheresultingtableis  c uijk

I
i
I��� �� .Let v j

I bethe

minimumcostofjthdestinationentriesoftheresultingtable  c uijk
I

i
I��� �� .Now,wesubtract v j

I from

thejthdestinationentriessothattheresultingtableis   c u vijk
I

i
I

j
I� �� � .Let wk

I betheminimumcost

ofkthconveyanceentriesoftheresultingtable   c u vijk
I

i
I

j
I� �� � .Now,wesubtract wk

I fromthekth

conveyance entries so that the resulting table is    c u v wijk
I

i
I

j
I

k
I� � �� � . It may be noted that

   

c u v wijk
I

i
I

j
I

k
I I� � �� � 0 ,foralli,jandk.Furthereachsource,eachdestinationandeachconveyance

havingatleastoneintuitionisticfuzzyzero.
Fromthestatementofthetheorem,clearly:

x i m j n k lijk
IO

, , , , ; , , , ; , ,� � � � � �� �1 2 1 2 1 2 and 

isafeasiblesolutionof(P).
Supposethat:

x i m j n k lijk
IO

, , , , ; , , , ; , ,� � � � � �� �1 2 1 2 1 2 and 

isnotanoptimalsolutionof(P).Then,thereexistsafeasiblesolution:



International Journal of Operations Research and Information Systems
Volume 10 • Issue 2 • April-June 2019

35

y i m j n k lijk
I

, , , , ; , , , ; , ,� � � � � �� �1 2 1 2 1 2 and 

suchthat:
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Clearly, y i m j n k lijk
I

, , , , ; , , , ; , ,� � � � � �� �1 2 1 2 1 2 and isalsoafeasiblesolutionof
theproblem(Q).

Now:
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by(1)to(3):

� � �
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by(1)to(3),whichcontradicts:

x i m j n k lijk
IO

, , , , ; , , , ; , ,� � � � � �� �1 2 1 2 1 2 and 

isoptimalsolutionoftheproblem(Q).Hence,wecanconcludethatanyoptimalsolution:

x i m j n k lijk
IO

, , , , ; , , , ; , ,� � � � � �� �1 2 1 2 1 2 and 

totheproblem(Q)isalsoanintuitionisticfuzzyoptimalsolutiontotheproblem(P).
Henceprovedthetheorem.

Corollary

If x i m j n k loI
ijk , , , , ; , , ; , ,� � � � � �� �1 2 1 2 1 2 and isafeasiblesolutiontotheproblem(P)

and    

c u v wijk
I

i
I

j
I

k
I I� � �� � 0 ,foralli,jandkwhere ui

I , v j
I and wk

I aresomerealTIFNs,such
thattheminimum:
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i

m

j

n

k

l

ijk
I

i
I

j
I

k
I

ijk
Ic u v w x

� � �
���� �

1 1 1

    � � � 

subjecttoEquations(1)-(4)aresatisfied,isintuitionisticfuzzyzero,then:

x i m j n k loI
ijk , , , , ; , , ; , ,� � � � � �� �1 2 1 2 1 2 and 

isanintuitionisticfuzzyoptimalsolutiontotheproblem(P).

Proof

Let x i m j n k lijk
oI

, , , , ; , , ; , ,� � � � � �� �1 2 1 2 1 2 and bethefeasiblesolutiontotheproblem

(P).Now,considertheproblem(P)with    

c u v wijk
I

i
I

j
I

k
I I� � �� � 0 ,foralli,jandkdenotedby

problem(P1).FromthefirstTheoremofinthissection,Clearly,(P)isaoriginalproblemand(P1)is
areducedproblemofproblem(P).Further,inaproblem(P1)thereisnopossibilitytominimizethe
cost/timebelowintuitionisticfuzzyzero.HenceprovedtheCorollary.

Now,theauthorprovesthatthesolutiontothefullyintuitionisticfuzzysolidtransportation
problem(ormixedintuitionisticfuzzysolidtransportationproblem)obtainedbythePSKmethod
is a fully intuitionistic fuzzy optimal solution (or mixed intuitionistic fuzzy optimal solution)
tothefullyintuitionisticfuzzysolidtransportationproblem(ormixedintuitionisticfuzzysolid
transportationproblem).

Theorem (PSK Theorem in MIFSTP)
Asolutionobtainedby thePSK’smethod fora fully intuitionistic fuzzysolid transportation
problem(ormixedintuitionisticfuzzysolidtransportationproblem)withequalityconstraints
(P)isafullyintuitionisticfuzzyoptimalsolution(ormixedintuitionisticfuzzyoptimalsolution)
forthefullyintuitionisticfuzzysolidtransportationproblem(P)(ormixedintuitionisticfuzzy
solidtransportationproblem).

Proof
Letus,nowdescribethePSK’smethodindetail.

Weconstructasolid transportation table inwhichcosts, supplies,demandsandconveyance
capacitiesaremustbeamixtureofcrispnumbers,triangularfuzzynumbersandtriangularintuitionistic
fuzzynumberssuchtransportationproblemiscalledMIFSTP.Next,transformtheMIFSTPintoa
balancedmixedintuitionisticfuzzysolidtransportationproblem(BMIFSTP),ifitisnotbalanced,by
usingrankingmethodandconvertBMIFSTPintobalancedfullyintuitionisticfuzzysolidtransportation
problem(BFIFSTP)usingthefollowingsteps:

1. If any one or more in the supplies/demands/conveyance capacities/costs of a transportation
problemhavingarealnumbersay a1� � thatcanbeexpandedasaTIFNa a a a a a a

1 1 1 1 1 1 1
� � �� �, , , , ;

2. If any one or more in the supplies/demands/conveyance capacities/costs of a transportation
problemhavingatriangularfuzzynumbersay a a a

1 2 3
, ,� � thatcanbeexpandedasaTIFN

a a a a a a a a a
1 2 3 1 2 3 1 2 3
, , , , , ,� � � � �� � ;
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3. If any one or more in the supplies/demands/conveyance capacities/costs of a transportation
problem having a TIFN say a a a a a a

1 2 3 1 2 3
, , , ,

' '� �� �  that can be kept as it is. That is

a a a a a a a a a a a a
1 2 3 1 2 3 1 2 3 1 2 3
, , , , , , , ,

' ' ' '� �� � � � �� � .

Afterusingabovesteps,wegetthefullyintuitionisticfuzzysolidtransportationtable cijk
I�� �� 

then,transformtheFIFSTPintoitsequivalentcrispSTPusingtherankingprocedureofVarghese
andKuriakose.

Now, the crisp STP having all the entries of supply, demand, unit transportation costs and
conveyancecapacitiesare integers thenkeptas it is.Otherwiseat leastoneorallof thesupply,
demand,unittransportationcostsandconveyancecapacitiesarenotinintegersthenrewriteitsnearest
integervaluebecausedecimalvaluesinsolidtransportationproblemhasnophysicalmeaning(such
atransportationproblemreferredascrispSTP).

Now, solve the crispSTPbyusing anyoneof the existingmethods (ModifiedDistribution
Method,MinZero-MinCost).Thisprocesswillyieldtheoptimalallotmentandoptimalobjective
valueofthecrispSTP(Theoptimalallottedcellsincrispsolidtransportationtableisreferredtoas
occupiedcellswhichareexactly m n l� � �� �2 .Allthedecisionvariablesintheseoccupiedcells
arebasicfeasiblewithzerocost.Clearly,eachsuppliesofsources,eachdemandofdestinationsand
eachcapacityofconveyancehaveatleastonezerocostwhichcorrespondstotheoccupiedcells.The
remainingcellsarecalledunoccupiedcells.Allthedecisionvariablesintheseunoccupiedcellsare
non-basic.Thevalueofdecisionvariablesintheseunoccupiedcellsareatzerolevel).

Bythedefinitions,occupiedcellsincrispSTPissameasthatofoccupiedcellsinFIFSTPbut
thevalueofoccupiedcellsforFIFSTPisthemaximumpossiblevalueofintuitionisticfuzzysupply,
intuitionistic fuzzydemandand intuitionistic fuzzyconveyancecapacity.Therefore,weneednot
further investigate the occupied cells in FIFSTP. But only we claim that how much quantity
(intuitionisticfuzzysupply,intuitionisticfuzzydemandandintuitionisticfuzzyconveyancecapacity)
toallottheoccupiedcellssubjectto(1),(2),(3)and(4)aresatisfied.TheoccupiedcellsincrispSTP
isexactly m n l� � �� �2 andallarehavingzerocost.Similarly,inFIFSTPalsohavethesame

m n l� � �� �2 numberofoccupiedcellsbutitscorrespondingcostisintuitionisticfuzzyzeros.
Now,constructthenewFIFSTTwhoseoccupiedcellscostsareintuitionisticfuzzyzerosandthe
remainingcellscostsareitsoriginalcost.Let ui

I betheminimumcostofithsourceofthecurrent

table cijk
I�� �� .Now,wesubtract ui

I fromtheithsourceentriessothattheresultingtableis  c uijk
I

i
I��� �� .

Let v j
I betheminimumcostofjthdestinationoftheresultingtable  c uI

ijk i
I��� �� .Now,wesubtract

v j
I  from the jthdestinationentries so that the resulting table is   c u vijk

I
i
I

j
I� �� � .Let wk

I be the

minimumcostofkthconveyancecapacityoftheresultingtable   c u vijk
I

i
I

j
I� �� � .Now,wesubtract

wk
I fromthekthconveyancecapacityentriessothattheresultingtableis    c u v wijk

I
i
I

j
I

k
I� � �� � .It

maybenotedthat    

c u v wijk
I

i
I

j
I

k
I I� � �� � 0 ,foralli,jandk.Clearly,eachsource,eachdestination

andeachconveyancehaveatleastoneintuitionisticfuzzyzero.Hencethecurrentresultingtableis
theallotmenttable.

Now,wechecktheallotmenttableifoneormoresources/destinations/conveyanceshavingexactly
oneoccupiedcellthenallotthemaximumpossiblevaluetothatcellandadjustthecorresponding
supplyanddemand/demandandconveyancecapacity/conveyancecapacityandsupplywithapositive
differenceofsupply,demandandconveyancecapacity.Otherwise,ifallthesupplyofsources,demand
ofdestinations/capacityofconveyancehavingmorethanoneoccupiedcellsthenselectacellinthe
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α -source,β -destinationandγ-conveyanceofthetransportationtablewhosecostismaximum(If
themaximumcostismorethanonei.e.,atieoccursthenselectarbitrarily)andexaminewhichone
ofthecells isminimumcost(If theminimumcostismorethanonei.e.,atieoccursthenselect
arbitrarily)amongalltheoccupiedcellsinthatsource,destinationandconveyancecapacitythen
allotthemaximumpossiblevaluetothatcell.Inthismannerproceedselectedsource,destination/
conveyanceentirely.Iftheentiresource,destination/conveyanceoftheoccupiedcellshavingfully
allottedthenselectthenextmaximumcostofthetransportationtableandexaminewhichoneofthe
cellsisminimumcostamongalltheoccupiedcellsinthatsupplyofsources,demandofdestination
andcapacityofconveyancethenallotthemaximumpossiblevaluetothatcell.Repeatthisprocess
untilalltheintuitionisticfuzzysupplypointsarefullyused,alltheintuitionisticfuzzydemandpoints
arefullyreceivedandalltheintuitionisticfuzzyconveyancecapacityarefullyused.Thisstepyields
theoptimumintuitionisticfuzzyallotment.

Clearly,theaboveprocesssatisfiesalltherimrequirements(supply,demandandconveyance
capacityrestriction).Ifalltherimrequirementsaresatisfiedthenautomaticallyitsatisfies,thetotal
intuitionisticfuzzysupplyandtotalintuitionisticfuzzydemandisequaltototalintuitionisticfuzzy
conveyancecapacityi.e.,thenecessaryandsufficientconditionforaFIFSTPissatisfied.

Finally,wehaveasolution:

x i m j n k lijk
I

, , , , ; , , ; , ,� � � � � �� �1 2 1 2 1 2 and 

fortheFIFSTPwhosecostmatrixis[    c u v wijk
I

i
I

j
I

k
IΘ Θ Θ ]suchthat xijk

I ≈ 0I for(    c u v wijk
I

i
I

j
I

k
IΘ Θ Θ )

 0I and � �xijk
I  0I for(    c u v wijk

I
i
I

j
I I

kΘ Θ Θ )≈ 0I .
Therefore,theminimum:

i

m

j

n

k

l

ijk
I

i
I

j
I

k
I

ijk
Ic u v w x

� � �
���� �

1 1 1

    � � � 

subjecttoEquations(1)-(4)aresatisfied,isintuitionisticfuzzyzero.Thus,fromtheCorollaryofin
thissection,thesolution:

x i m j n k lijk
I

, , , , ; , , ; , ,� � � � � �� �1 2 1 2 1 2 and 

is obtainedby thePSKmethod for a fully intuitionistic fuzzy transportationproblem (ormixed
intuitionisticfuzzysolid transportationproblem)withequalityconstraints isafully intuitionistic
fuzzyoptimal solution (ormixed intuitionistic fuzzyoptimal solution) for the fully intuitionistic
fuzzy solid transportation problem (or mixed intuitionistic fuzzy solid transportation problem).
Henceprovedthetheorem.

Theorem

Let x i m j n k lijk
I

, , , , ; , , ; , ,� � � � � �� �1 2 1 2 1 2 and  be the vector of feasible (optimal)
solutionstotheIFSTP.Thenanyothervector:

y i m j n k lI
ijk , , , , ; , , ; , ,� � � � � �� �1 2 1 2 1 2 and 
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(say)withthesamerankingvaluesisalsofeasible(optimal).Thatis,givenavectoroffeasible(optimal)
solutionstotheIFSTP,anyothervectorwiththesamerankingvaluesisalsofeasible(optimal).

Proof
Theproofistrivial.

Theorem
Avectorofintuitionisticfuzzynumbersisafeasible(optimal)solutiontotheIFSTPifandonlyif
thecrispvectorofitsrankingvaluesisafeasible(optimal)solutionofthecrispone.

Proof
Theproofistrivial.

Theorem
IfsomeoftheintuitionisticfuzzynumbersintheIFSTP(type-1,type-2,type-3andtype-4IFSTP)
arereplacedbyequivalentintuitionisticfuzzynumbers(theirrankingvalues,forexample),thenew
IFSTPhasthesamesetoffeasible(optimal)solutions.

Proof
Theproofisstraightforward.

Theproposedmethod,namely,PSKmethodforsolvingamixedandfullyintuitionisticfuzzy
solidtransportationproblemsareillustratedbythefollowingexamples.

ILLUSTRATIVe eXAMPLeS

example 1: Real Life MIFSTP
AcompanyhasthreefactoriesO1,O2,andO3thatmanufacturethesameproductofumbrellasin
threedifferentplaces.Thecompanymanagerwouldliketotransportumbrellasfromthreedifferent
factoriestothreedifferentretailstoresD1,D2,andD3.Allthefactoriesareconnectedtoalltheretail
storesbythethreedifferentmediumscalledland,water,spaceandumbrellasaretransportedbymeans
ofmotorcycle(E1),ship(E2)andaircraft(E3).Theavailability(availabilityofumbrellasaredepends
onitsproductionbutproductiondependsonmen,machine,etc.)ofumbrellasarenotknownexactly
duetolongpowercut,labour’sovertimework,unexpectedfailuresinmachineetc.Thedemandof
anumbrellaisnotknownexactlyduetoseasonalchanges(Inrainydaysthesaleofanumbrellais
morewhencomparedtosunnydays).Thetransportationcostisnotknownexactlyduetovariations
inratesofpetrol,trafficjams,weatherinhillyareasetc.Similarly,thecapacityofdifferentmodesof
transportisnotknownexactly(Sinceitdependsonsizeofthetransport,structureofthetransport,
efficiencyof the transport etc.).So, all theparametersof theSTParegiven inmixtureofcrisp
numbers,triangularfuzzynumbersandtriangularintuitionisticfuzzynumbers.Thetransportation
costforanumbrellafromthreedifferentfactoriestothreedifferentretailstoresbymeansofthree
differenttransportsaregiveninTable3fromthepastexperience.

Inthistable, c111 = 4; c
112

=(5,7,9);
cI
113

=(7,8,9)(6,8,10);
cI
121

=(1,3,5)(0,3,6); c
122

= 9;
c
123

=(5,7,9); c
131

= (4,6,8); cI
132

= (5,8,10)(1,8,11);c
133

= 2; c
211

= (2,4,6); cI
212

= (1,2,3)(0,2,4);
c

213
= 6; c

221
=1; c222 = (2,3,4); cI

223
= (4,8,12)(3,8,13); cI

231
=(7,8,9)(6,8,10); c

232
= 4;

c
233

= (4,5,6); cI
311

= (4,8,12)(3,8,13); c
312

= 1; c
313

= (2,3,4); c
321

= (2,4,6); cI
322

= (5,8,10)
(1,8,11); c

323
= 3; c

331
= 5; c

332
= (4,6,8); cI333 = (3,4,5)(2,4,6).
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Supply: a1 = (10,11,12), a2 = 13, aI3 = (4,10,16)(2,10,18)

Demand: bI1 = (5,8,10)(1,8,11), b2 = (10,15,20),b3 = 12
Conveyance: e1 = 11, e2 = (12,14,16), eI3 = (3,8,16)(0,8,19)

Findtheoptimalallocationwhichminimizestotalintuitionisticfuzzytransportationcost.

Solution:Foreachmixedintuitionisticfuzzynumber,itsrankingindicesisobtainedbyusingthe
VargheseandKuriakose(2012)rankingprocedureasfollows:

�� �cI111 =4,�� � �cI
112

7,�� �cI
113

=8,�� �cI
121

=3,�� � �cI
122

9,�� � �cI
123

7,

�� � �cI
131

6,�� � �cI
132

7,�� � �cI
133

2,�� � �cI
211

4,�� � �cI
212

2,�� � �cI
213

6, 

�� � �cI
221

1,�� � �cI222 3,�� � �cI
223

8,�� � �cI
231

8,�� � �cI
232

4,�� � �cI
233

5,

�� � �cI
311

8,�� � �cI
312

1,�� � �cI
313

3,�� � �cI
321

4,�� � �cI
322

7,�� � �cI
323

3,

�� � �cI
331

5,�� � �cI
332

6,�� � �cI333 4

Supply:�� � �a1 11,�� � �a2 13,�� � �aI3 10

Demand:�� � �bI1 7,�� � �b2 15,�� � �b3 12

Conveyance:�� � �e1 11,�� � �e2 14,�� � �eI3 9

Table 3. Tabular representation of real life 3 × 3 × 3 MIFSTP

Capacity

ek

E1 E1 E1 e1

E2 E2 E2
e2

E3 E3 E3 eI3

RetailStores→
Factories↓ D1 D2 D3

Supply

ai

O1 c111 c
112

cI
113

cI
121

c
122

c
123

c
131

cI
132

c
133

a1

O2
c

211
cI

212
c

213
c

221
c222 cI

223
cI

231
c

232
c

233
a2

O3 cI
311

c
312

c
313

c
321

cI
322

c
323

c
331

c
332

cI333 aI3

Demand bI1 b2 b3
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Nowusingstep2oftheproposedmethod,weget:

i

m

i
j

n

j
k

l

ka b e
� � �
� � �� � �� � � � � �

1 1 1

( ) =34

Hence,thegivenproblemisaBMIFSTP.
Now, using step 3 and step 4 of the proposed method, in conformation to Model (P*)

mixedintuitionisticfuzzysolidtransportationproblemcanbetransformedintoitsequivalent
crispsolidtransportationproblem(refertoTable4)byusingtherankingmethodofVarghese
andKuriakose.

Afterusingstep5oftheproposedmethod,theoptimalallotment(refertoTable5)oftheabove
problemisgiven.

TheminimumobjectivevalueZ=(2×0)+(1×7)+(3×2)+(1×9)+(3×4)+(6×3)+(2×9)=
70andtheoptimalsolutionis:

x
121

2= , x
133

9= , x
221

9= , x
222

4= , x
232

0= , x
312

7= , x
332

3= 

Afterusingstep6oftheproposedmethod,nowusingstep7,wegettheoptimalsolutiondirectly
oftheMIFSTPisasfollows:

x
121

2 2 2 2 2 2� � �� �, , , , , x
133

3 8 16 0 8 19� � �� �, , , , , x
221

9 9 9 9 9 9� � �� �, , , , , 

x
222

2 4 6 2 4 6� � �� �, , , , , x
232

0 0 0 0 0 0� � �� �, , , , , x
312

5 8 10 1 8 11� � �� �, , , , , 

x
332

3 3 3 3 3 3� � �� �, , , , 

TheminimumobjectivevalueisdenotedbyMin Z I andisequalto:

Table 4. Crisp version of real life MIFSTP (Example 1)

Capacity

ek
E1 E1 E1 11

E2 E2 E2 14

E3 E3 E3 9

RetailStores→
Factories↓ D1 D2 D3

Supply

ai
O1 4 7 8 3 9 7 6 7 2 11

O2 4 2 6 1 3 8 8 4 5 13

O3 8 1 3 4 7 3 5 6 4 10

Demandbj 7 15 12
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Min Z I =(1,3,5)(0,3,6)×(2,2,2)(2,2,2)+2×(3,8,16)(0,8,19)+1×(9,9,9)(9,9,9)+(2,3,4)
×(2,4,6)(2,4,6)+4×(0,0,0)(0,0,0)+1×(5,8,10)(1,8,11)+(4,6,8)×(3,3,3)(3,3,3)

Min Z I =(1,3,5)(0,3,6)×ℜ [(2,2,2)(2,2,2)]+(2,2,2)(2,2,2)×ℜ [(3,8,16)(0,8,19)]
+(1,1,1)(1,1,1)×ℜ [(9,9,9)(9,9,9)]+(2,3,4)(2,3,4)×ℜ [(2,4,6)(2,4,6)]+(4,4,4)(4,4,4)
×ℜ [(0,0,0)(0,0,0)]+(1,1,1)(1,1,1)×ℜ [(5,8,10)(1,8,11)]+(4,6,8)(4,6,8)×ℜ [(3,3,3)(3,3,3)]

Min Z I =(1,3,5)(0,3,6)×2+(2,2,2)(2,2,2)×9+(1,1,1)(1,1,1)×9+(2,3,4)(2,3,4)×4
+(4,4,4)(4,4,4)×0+(1,1,1)(1,1,1)×7+(4,6,8)(4,6,8)×3

Min Z I =(2,6,10)(0,6,12)+(18,18,18)(18,18,18)+(9,9,9)(9,9,9)+(8,12,16)(8,12,16)
+(0,0,0)(0,0,0)+(7,7,7)(7,7,7)+(12,18,24)(12,18,24)

Min Z I=(56,70,84)(54,70,86)

Hence,thetotalminimumintuitionisticfuzzytransportationcostis:

Min Z I=(56,70,84)(54,70,86)

�� � � �� �� � �Z I
56 70 84 54 70 86 70, , , ,  (10)

example 2: Real Life Type-4 IFSTP
AfirmhasthreefactoriesS1,S2,andS3thatmanufacturethesameproductofaircoolersinthree
differentplaces.Thefirmmanagerwouldliketotransportaircoolersfromthreedifferentfactories
tothreedifferentwarehousesW1,W2,andW3.Allthefactoriesareconnectedtoallthewarehouses

Table 5. Crisp optimal table of real life MIFSTP (Example 1)

Capacity

ek
E1 E1 E1 11

E2 E2 E2 14

E3 E3 E3 9

RetailStores→
Factories↓ D1 D2 D3

Supply

ai
O1 4 7 8 3(2) 9 7 6 7 2(9) 11

O2 4 2 6 1(9) 3(4) 8 8 4(0) 5 13

O3 8 1(7) 3 4 7 3 5 6(3) 4 10

Demandbj 7 15 12
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bythethreedifferentmediumscalledland,water,spaceandaircoolersaretransportedbymeansof
motorcycle(E1),ship(E2)andaircraft(E3).Theavailability(availabilityofaircoolersdependsonits
productionbutproductiondependsonmachine,men,etc.)ofaircoolersarenotknownexactlydue
tolabour’sovertimework,longpowercut,unexpectedfailuresinmachineetc.Thedemandofair
coolersisnotknownexactlyduetoseasonalchanges(Insunnydaysthesaleofaircoolersisgreater
whencomparedtorainydays).Thetransportationcostisnotknownexactlyduetovariationsinrates
ofpetrol,weatherinhillyareas,trafficjamsetc.So,alltheparametersoftheSTPareinuncertain
quantitieswhicharegivenintermsofTIFN.Thetransportationcosts(rupeesinhundreds)foranair
coolerfromdifferentfactoriestodifferentwarehousesbymeansofdifferentmodesoftransportare
giveninTable6fromthepastexperience.

Inthistable, cI111 = (3,4,5)(2,4,6); cI
112

=(5,8,10)(1,8,11); cI
113

=(7,8,9)(6,8,10); cI
121

=(1,3,5)
(0,3,6); cI

122
= (3,8,16)(0,8,19); cI

123
=  (5,8,10)(1,8,11); cI

131
=  (4,6,8)(3,6,9); cI

132
= (5,8,10)

(1,8,11); cI
133

= (1,2,3)(0,2,4); cI
211

= (3,4,5)(2,4,6); cI
212

= (1,2,3)(0,2,4); cI
213

= (2,6,10)(1,6,11);
cI

221
= (0.5,1,1.5)(0,1,2); cI222 = (1,3,5)(0,3,6); cI

223
= (4,8,12)(3,8,13); cI

231
=(7,8,9)(6,8,10);

cI
232

= (3,4,5)(2,4,6); cI
233

= (2,5,8)(1,5,9); cI
311

= (4,8,12)(3,8,13); cI
312

= (0.5,1,1.5)(0,1,2);
cI

313
= (1,3,5)(0,3,6); cI

321
= (3,4,5)(2,4,6); cI

322
= (5,8,10)(1,8,11); cI

323
= (1,3,5)(0,3,6);

cI
331

= (2,5,8)(1,5,9); cI
332

= (4,6,8)(3,6,9); cI333 = (3,4,5)(2,4,6).

Supply: aI1 = (3,10,20)(0,10,23), aI2 = (6,12,21)(2,12,25), aI3 = (4,10,16)(2,10,18)

Demand: bI1 = (5,8,10)(1,8,11), bI2 = (12,16,19)(7,16,21), bI3 = (4,12,20)(2,12,22)
Conveyance: eI1 = (3,10,20)(0,10,23), eI2 = (10,16,20)(2,16,22), eI3 = (3,8,16)(0,8,19)

Table 6. Tabular representation of real-life type-4 IFSTP

Capacity

eIk

E1 E1 E1 eI1

E2 E2 E2
eI2

E3 E3 E3
eI3

Warehouses→
Factories↓ W1 W2 W3

Supply

ai
I

S1 cI111 cI
112

cI
113

cI
121

cI
122

cI
123

cI
131

cI
132

cI
133

aI1

S2 cI
211

cI
212

cI
213

cI
221

cI222 cI
223

cI
231

cI
232

cI
233

aI2

S3 cI
311

cI
312

cI
313

cI
321

cI
322

cI
323

cI
331

cI
332

cI333 aI3

Demand bI1 bI2 bI3
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Findtheoptimalallocationwhichminimizestotalintuitionisticfuzzytransportationcost.

Solution:Foreachfullyintuitionisticfuzzynumber, itsrankingindicesisobtainedbyusingthe
VargheseandKuriakose(2012)rankingprocedureasfollows:

�� � �cI111 ,�� � �cI
112

7,�� � �cI
113

8,�� � �cI
121

3,�� � �cI
122

9,�� � �cI
123

7,�� � �cI
131

6,

�� � �cI
132

7,�� � �cI
133

2,�� � �cI
211

4,�� � �cI
212

2,�� � �cI
213

6,�� � �cI
221

1,

�� � �cI222 3,�� � �cI
223

8,�� � �cI
231

8,�� � �cI
232

4,�� � �cI
233

5,�� � �cI
311

8, 

�� � �cI
312

1,�� � �cI
313

3,�� � �cI
321

4,�� � �cI
322

7,�� � �cI
323

3,�� � �cI
331

5,

�� � �cI
332

6,�� � �cI333 44

Supply:�� � �aI1 11,�� � �aI2 13,�� � �aI3 10

Demand:�� � �bI1 7,�� � �bI2 15,�� � �bI3 12

Conveyance:�� � �eI1 11,�� � �eI2 14,�� � �eI3 9

Nowusingstep2oftheproposedmethod,weget:

i

m

i
j

n

j
k

l

ka b e
� � �
� � �� �

1 1 1

=34

Therefore,thegivenproblemisabalancedtype-4IFSTP.
Now,usingstep3andstep4oftheproposedmethod,inconformationtoModel(P*)type-4

intuitionisticfuzzysolidtransportationproblemcanbetransformedintoitsequivalentcrispsolid
transportationproblem(refertoTable7)byusingtherankingmethodofVargheseandKuriakose.

Table 7. Crisp version of real-life type-4 IFSTP (Example 2)

Capacity

ek
E1 E1 E1 11

E2 E2 E2 14

E3 E3 E3 9

Warehouses→
Factories↓ W1 W2 W3

Supply

ai
S1 4 7 8 3 9 7 6 7 2 11

S2 4 2 6 1 3 8 8 4 5 13

S3 8 1 3 4 7 3 5 6 4 10

Demandbj 7 15 12
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Afterusingstep5of theproposedmethod, theoptimalallotment(refer toTable8)of the
aboveproblem.

Theminimumobjectivevalue:

Z=(2×0)+(1×7)+(3×2)+(1×9)+(3×4)+(6×3)+(2×9)=70
x

121
2= , x

133
9= , x

221
9= , x

222
4= , x

232
0= , x

312
7= , x

332
3= 

Afterusingstep6oftheproposedmethod,nowusingstep7,wegettheoptimalsolutiondirectly
oftheIFSTPoftype-4isasfollows:

x
121

1 2 3 0 2 4= ( )( ), , , , , x
133

3 8 16 0 8 19= ( )( ), , , , , x
221

3 8 16 0 8 19= ( )( ), , , , , x
222

3 4 5 2 4 6= ( )( ), , , , , 
x

232
0 0 0 0 0 0= ( )( ), , , , x

312
5 8 10 1 8 11= ( )( ), , , , , x

332
1 3 5 0 3 6= ( )( ), , , , .

Theminimumobjectivevalue:

��Z I=(1,3,5)(0,3,6)×(1,2,3)(0,2,4)+(1,2,3)(0,2,4)×(3,8,16)(0,8,19)+(0.5,1,1.5)(0,1,2) 
×(3,8,16)(0,8,19)+(1,3,5)(0,3,6)×(3,4,5)(2,4,6)+(3,4,5)(2,4,6)×(0,0,0)(0,0,0) 
+(0.5,1,1.5)(0,1,2)×(5,8,10)(1,8,11)+(4,6,8)(3,6,9)×(1,3,5)(0,3,6)

Theminimumobjectivevalue:

��Z I=(1,3,5)(0,3,6)×ℜ [(1,2,3)(0,2,4)]+(1,2,3)(0,2,4)×ℜ [(3,8,16)(0,8,19)]+(0.5,1,1.5)(0,1,2) 
×ℜ [(3,8,16)(0,8,19)]+(1,3,5)(0,3,6)×ℜ [(3,4,5)(2,4,6)]+(3,4,5)(2,4,6)×ℜ [(0,0,0)(0,0,0)]
+(0.5,1,1.5)(0,1,2)×ℜ [(5,8,10)(1,8,11)]+(4,6,8)(3,6,9)×ℜ [(1,3,5)(0,3,6)]

Theminimumobjectivevalue:

Table 8. Crisp optimal table of real-life type-4 IFSTP (Example 2)

Capacity

ek
E1 E1 E1 11

E2 E2 E2 14

E3 E3 E3 9

Warehouses→
Factories↓ W1 W2 W3

Supply

ai
S1 4 7 8 3(2) 9 7 6 7 2(9) 11

S2 4 2 6 1(9) 3(4) 8 8 4(0) 5 13

S3 8 1(7) 3 4 7 3 5 6(3) 4 10

Demandbj 7 15 12
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��Z I=(1,3,5)(0,3,6)×(2)+(1,2,3)(0,2,4)×(9)+(0.5,1,1.5)(0,1,2)×(9)+(1,3,5)(0,3,6)×(4)
+(3,4,5)(2,4,6)×(0)+(0.5,1,1.5)(0,1,2)×(7)+(4,6,8)(3,6,9)×3

Min �Z I=(2,6,10)(0,6,12)+(9,18,27)(0,18,36)+(4.5,9,13.5)(0,9,18)+(4,12,20)(0,12,24) 
+(0,0,0)(0,0,0)+(3.5,7,10.5)(0,7,14)+(12,18,24)(9,18,27)

Min �Z I=(35,70,105)(9,70,131)

Hence,thetotalintuitionisticfuzzytransportationminimumcostis:

Min �Z I=(35,70,105)(9,70,131)

ℜ ℜ( ) = ( )( ) =�Z I 35 70 105 9 70 131 70, , , , 

ReSULTS ANd dISCUSSION

Theminimumtotalintuitionisticfuzzytransportationcostofproblem1is:

Min �Z I=(56,70,84)(54,70,86) (11)

Theresultin(11)canbeexplainedinFigure1.
ThedegreeofacceptanceofthetransportationcostfortheDMincreasesifthecostincreasesfrom

54to56;whileitdecreasesifthecostincreasesfrom56to70.Beyond(56,86),thelevelofacceptance
orthelevelofsatisfactionfortheDMiszero.TheDMistotallysatisfiedorthetransportationcostis
totallyacceptableifthetransportationcostis70.Thedegreeofnon-acceptanceofthetransportation
costfortheDMdecreasesifthecostincreasesfrom54to70whileitincreasesifthecostincreases
from70to86.Beyond(54,86),thecostistotallyun-acceptable.

Assumingthatµ �ZI c( ) ismembershipvalue(degreeofacceptanceorlevelofsatisfaction)and
ϑ�ZI c( ) isnon-membershipvalue(degreeofnon-acceptance)oftransportationcostc.Thenthedegree

Figure 1. Graphical representation of MIFSTC
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ofacceptanceofthetransportationcostcis100�µ �ZI c( )% fortheDMandthedegreeofnon-acceptance
is100ϑ�ZI c( )% fortheDM.Thedegreeofhesitationfortheacceptanceofthetransportationcostc

isgivenby100 π �ZI c( )% whereπ µ ϑ� � �Z Z ZI I Ic c= − ( )− ( )( )1 representsthehesitationindex.

Valuesof µ �ZI c( ) and ϑ�ZI c( ) atdifferentvaluesofccanbedeterminedusingequations
givenbelow:

µ �ZI c

c

c
c

c

c
( ) =

<
−

≤ ≤

=
−

0 56

56

14
56 70

1 70

84

14

,

,

,

,

for

for 

for 

forr 

for 

� �

, � �

70 84

0 84

≤ ≤

>











c

c



and:

ϑ�ZI c

c

c
c

c

c
( ) =

<
−

≤ ≤

=
−

1 54

70

16
54 70

0 70

70

16

,

,

,

,

for 

for 

for

foor  

for

�

, ��

70 86

1 86

≤ ≤

>











c

c



Advantages of the Proposed Method
Byusingtheproposedmethodadecisionmakerhasthefollowingadvantages:

1. Weneednotfindoutthebasicfeasiblesolutionandweneednotapplytheoptimalitytestbecause
thesolutionobtainedbyproposedmethodisalwaysoptimal;

2. The proposed method is a single step method. So, the use of intuitionistic fuzzy modified
distributionisnotrequired.

CONCLUSION

TheMIFSTPsandtype-4IFSTPsaresolvedbytheproposedmethodwhichdiffersfromtheexisting
methodsnamely,intuitionisticfuzzymodifieddistributionmethodandintuitionisticfuzzyzeropoint
method.Basically,intuitionisticfuzzymodifieddistributionmethodhavingtoomanysteps.Also,it
dependsontheintuitionisticfuzzyinitialbasicfeasiblesolution.Similarly,intuitionisticfuzzyzero
pointmethodalsohasthenumerousnumberofsteps.But,theproposedmethoddoesn’tdependon
theintuitionisticfuzzyinitialbasicfeasiblesolutionandalsoithasaminimumnumberofsteps.In
intuitionisticfuzzymodifieddistributionmethod,theoptimalitytestisrequiredwhereasinintuitionistic
fuzzyzeropointmethodtheoptimalitytestisnotrequired.ThemainadvantageofthePSKmethod
isthattheobtainedsolutionisalwaysoptimal.Toapplythismethod,thereisnonecessitytohave
m n l+ + −( )2 numberofnon-negativeallottedentries(i.e.,basicfeasiblesolution).Also,weneed
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nottesttheoptimalitycondition.Itisapplicabletotype-1,type-2,type-3andtype-4IFSTPs.The
proposedmethodcanhelpdecision-makersinthelogisticsrelatedissuesofreal-lifeproblemsby
aidingtheminthedecision-makingprocessandprovidinganoptimalsolutioninasimpleandeffective
manner.Thisproposedmethodwillreducethedecision-makerscomputationtime.Further,itcanbe
served as an important tool for a decision-maker when he/she handles various types of logistic
problemshavingdifferenttypesofparameters.
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