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ABSTRACT

Thisarticlepresentsanewmodelandanefficientsolutionalgorithmforabi-objective
one-dimensionalcutting-stockproblem.Inthecutting-stock—ortrim-loss—problem,
customerordersofdifferentsmalleritemsizesaresatisfiedbycuttinganumberof
largerstandard-sizeobjects.Aftercuttinglargerobjectstosatisfyordersforsmaller
items,theremainingpartsareconsideredasuselessorwastedmaterial,whichiscalled
“trim-loss.”Thetwoobjectivesoftheproposedmodel,intheorderofpriority,areto
minimizethetotaltrimloss,andthenumberofpartiallycutlargeobjects.Toproduce
near-optimumsolutions,atwo-stageleast-lossalgorithm(LLA)isusedtodetermine
thecombinationsofsmallitemsizesthatminimizethetrimlossquantity.Solvinga
real-lifeindustrialproblemaswellasseveralbenchmarkproblemsfromtheliterature,
thealgorithmdemonstratedconsiderableeffectivenessintermsofbothobjectives,in
additiontohighcomputationalefficiency.

KEywORDS
Cutting-Stock Problem, Heuristic Algorithms, Multiple-Objective Optimization, Trim-
Loss Problem

1. INTRODUCTION

Thetrim-lossorcuttingstockproblem(CSP) isan importantappliedoptimization
problem. CSP assumes a given a number of standard sizes of large objects, and
customerdemandsfordifferentquantitiesofsmallerpieces.ACSPsolutionspecifies
the number of smaller pieces cut from each large standard-size object. Of course,
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many smaller-piece cut combinations may not consume the full size of the larger
objects,resultinginsmaller,unusedremainderscalledtrimloss.Themainobjective
ofCSPistominimizethetotaltrimloss(wastedmaterial)leftoveraftercuttingall
largerobjectsnecessarytosatisfycustomerorders.Ingeneral,optimumsolutionsare
difficultforpractical,industrial-sizeCSPproblems.AccordingtoGareyandJohnson
(1979),CSPisacomplex,NP-completeoptimizationproblem.Therefore,heuristic
techniquesareusuallyusedtosolvereal-world,appliedtrim-lossproblems.

Cuttingstockproblems(CSP)areclassifiedaccordingtoseveralcriteria,butmainly
according to the dimension of the problem. One-dimensional problems (1D-CSP)
involveone-dimensional(i.e.,length)cutdecisions,asinthecuttingofpaper,fabric,
andcablerollsthathavethesamewidth.Two-dimensionalproblems(2D-CSP)involve
two-dimensional (i.e., length and width) cut decisions, as in the cutting of wood
andglass.Three-dimensionalproblems(3D-CSP)haveverylimitedapplicationsin
industryandintheliterature.However,therearefewrecentexceptions,suchasthe
3-DknapsackproblemconsideredbyBaldietal.(2012).Thispaperisconcernedwith
abi-objectiveone-dimensionalcuttingstockproblem(1D-CSP).

Dyckhoff(1990)presentsafour-criteriontypologyofcuttingandpackingproblems,
considering them as two types of “geometric combinatorics” problems related by
material-space duality. Wäscher et al. (2007) enhance Dyckhoff’s classification
and propose a five-criterion typology. According to the four-criterion topology of
Dyckhoff(1990),the1D-CSPproblemconsideredinthispapercanbeclassifiedasa
classicalcuttingstockproblemdenotedby(1/V/I/R).Here,(1)denotes1dimension,
(V)indicatesallsmallitemsmustbecutfromaselectionoflargeobjects,(I)denotes
identical(single)sizeoflargeobjects,and(R)denotesmanysmallitemsofthesame
shape.However,theclassicalcuttingstockproblemhasasingleobjective(minimizing
trimloss),whileourproblemhastwoobjectives.

One-dimensionalproblems(1D-CSP)modelsmayconsidereitherasinglegiven
sizeorafewgivenstandardsizesforallavailablelargeobjects.Mostprevious1D-CSP
modelsfocusononlyminimizingthetotaltrimlossquantity.Thispaperpresentsabi-
objective1D-CSPmodelwithonegivenlarge-objectsize,wheretheprimaryobjective
istominimizethetotalamountoftrimloss.Thesecondobjectiveistominimizethe
numberofpartiallycutlargeobjects.Minimizingthenumberofpartiallycutlarge
objectsisareal-lifeobjectiveformanycompanies,becausepartiallycutobjectsare
generallymoredifficulttoreuseorcutagain.Moreover,partiallycutstocksarenot
aseasyorprofitabletosellasuncutobjects.

An integer linear programming (ILP) model of the problem is formulated to
determine the optimum number of used large objects, and the cutting pattern for
eachlargeobject.AstheoptimumsolutionofthisILPmodelisdifficulttoobtain,
a two-stageheuristic least-lossalgorithm(LLA)isdevelopedtosolve theproblem
effectivelyandefficiently.Inthefirststage,adecreasingorderofsizeisusedtoassign
small items tocuttingpatterns inorder tominimize trim loss. If thesolutiondoes
notsatisfyaspecificperformancecriterion,thenasecondstageisrequiredinwhich
adifferentinitialorderofsmallitemsisused.Thealgorithmiseffectivelyapplied
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toareal-lifeindustrialcutting-stockproblem.Moreover,numericalcomparisonson
benchmarkproblemsarecarriedout,demonstratingthesuperiorperformanceofthe
proposedalgorithm.

Thepaperpresentsabi-objectivemathematicalmodelandheuristicalgorithmto
determinethenumberoflargeobjectsused,andthecuttingpatternforeachobject.
Subsequent sections of this paper are organized as follows. Relevant literature is
surveyedinSection2.ThemathematicaloptimizationmodelisformulatedinSection
3.Thetwo-stageleast-lossalgorithm(LLA)isdescribedinSection4.Resultsofthe
computationalcomparisonsandtheindustrialapplicationarepresentedinSection5.
Finally,conclusionsandsuggestionsareprovidedinSection6.

2. LITERATURE REVIEw

Becauseofitspracticalvalueandtheoreticalsignificance,thetrim-losscutting-stock
problemisoneofthemostpopularandwell-studiedproblemsinoperationsresearch.
Dyckhoff(1990)reviewsliteratureupto1990,listing16previoussurveysofliterature
onvariousaspectsofcuttingandpackingproblemsfrom1971to1988.Wäscheretal.
(2007)reviewliteraturefrom1995to2004.Recently,Melegaetal.(2018)reviewand
classifytheliteraturerelevanttotheintegrationbetweenthecuttingstockproblem
andtheproductionlot-sizingproblem.In thissection, theprimaryconcernisone-
dimensionalcuttingstockproblem(1D-CSP)literaturepublishedsince2005.Because
thispaperpresentsanewbi-objectivemodel,moreemphasisisgiventorecentmulti-
objective1D-CSPtechniques.

Some1D-CSPmodelsassumesthatthetrimlossisnotcompletelylost,butmay
havesomesalvagevalue.Cherrietal.(2013)developaheuristicmethodforamulti-
period1D-CSPwithusableleftover,assumingthetrimmaterialisreusableiflarge
enough,butithastobeconsumedquickly.Overaspecifictimehorizon,newdemands
ineachperiodaresatisfiedfromleft-overandremainingunusedlarge-objects.Cuiet
al.(2017)considera1D-CSPwherespecifictypesofleftovercanbeusedtofulfillnew
orders.Aheuristicalgorithmisdevelopedbasedoncolumngenerationprocedureto
solvesuchproblem.Garraffaetal.(2016)presentapattern-basedheuristictosolvethe
1D-CSPwithsequence-dependentcuttinglossesduetocuttingprocessesbydifferent
tools.Themainobjectiveistominimizecuttingpatterns,andthesecondaryobjective
istohavelargerleft-oversinordertomaximizetheirusability.

Manytechniquesintheliteraturedealwithbi-objective1D-CSP.Apattern-free
bi-objectiveILPmodel isformulatedbyKasimbeylietal. (2011)for1D-CSP.The
firstobjectiveistominimizetotaltrimloss,whilethesecondistominimizethetotal
numberofrolls(largeobjects)used.AheuristicalgorithmisusedtosolvethisILP
model efficiently. Aliano Filho et al. (2018) optimize two objectives for 1D-CSP:
minimizing thenumberof cuttingpatterns, andminimizing the frequencyof their
use. Four solution techniques are compared: weighted sum, Chebyshev metric,
ε-Constraint,and themodifiedChebyshevmetric.The twoobjectivesofminimum
trimloss(materialcost)andminimumcuttingpatterns(setupcost)arecombinedby
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Mobasher and Ekici (2013) into one total production cost. A mixed integer linear
programmingmodelisformulated,andthreeheuristicsolutionmethodsaredeveloped
basedonlocalsearchandcolumngenerationconcepts.OgunrantiandOluleye(2016)
investigatethe1D-CSPinwoodindustry.Apatterngenerationalgorithmisintegrated
with a linear programming (LP) model to minimize trim loss and the number of
usedstocks.Inadditiontominimizingthetrimloss,Arbibetal.(2016)assumethat
cuttingpatternsmustbesequencedtosatisfyagivenlimitonthenumberofdifferent
parttypesinproductionatanytime.TheproblemisformulatedasILPmodel,anda
columngenerationprocedureisusedtosolveit.

Multiple-objective 1D-CSP models aim to achieve several simultaneous, often
conflicting,objectives.Matsumotoetal.(2011)consideramulti-objective1D-CSPin
thepaperindustrytominimizefourobjectives.Theproblemissolvedbygenerating
cuttingpatternsequences,decomposingintoseveralbin-packingproblems,andtabu
search.Cuietal.(2015)solvea1D-CSPproblemwithtwoobjectives,minimizing
thematerialcutcostandthenumberofdifferentpatternsused(setupcost).Firsta
setofpatternsisgeneratedusingsequentialgroupingprocedure,andthenthissetis
usedinsolvingtheILPmodel.Adynamicprogramming(DP)-basedheuristicisused
byTaniretal.(2016)tosolvea1D-CSPproblemwithdivisibleitems,wheresome
oftheleftoverscanbecombinedbyweldingtoformdemandeditems.Theobjective
istominimizeboththetrim-lossmaterialandthenumberoftheweldingoperations.
Son et al. (2016) study the cutting process in window frame manufacturing using
mixed integer programming and a knapsack-based heuristic approach. The aim is
tominimize theweighted sumof trim loss,bar type imbalance, and thedegreeof
orderspreading.Liuetal.(2017)consideracutting-stockproblemtominimizethree
objectives:trimloss,numberofcuttingpatterns,andusableleftovers.Multi-objective
optimization,heuristicmethods,andmulti-attributedecision-makingarecombined
tosolvethisproblem.

Although the 1D-CSP problem is NP-complete, optimal solutions have been
developed for special cases taking advantage of the unique problem structure. An
optimizationmodelandsolutiontechniquearepresentedbyReinertsenandVossen
(2010)for1D-CSPwithduedateconstraints.Themodelisappliedtoanindustrial
casestudy,incorporatingrealisticconsiderationssuchasorderaggregation,multiple
stocklengths,androllinghorizons.AmodelisdevelopedbyAlvesanddeCarvalho
(2008)tominimizethenumberofsetupsinthecutting-stockproblem.Tosolvethe
NP-hardproblem,abranch-and-price-and-cutalgorithmisusedtogeneratestronger
cuts.Thealgorithmutilizesdualfeasiblefunctions,validinequalities,andarcflow
variablestostrengthentheboundsonthecolumngenerationmodel.Asimilarcutting
stockproblemisconsideredbyArana-JiménezandNeto(2017)withtwoobjectives:
minimizingthenumberofusedlargeobjects,andminimizingthenumberofcutting
patterns. Integrating discrete optimization with continuous vector optimization,
sufficientconditionsforpartialoptimalityarederivedfor thisproblem.Muterand
Sezer(2018)solvethetwo-stage1D-CSPbydesigninganexactsimultaneouscolumn-
and-rowgenerationalgorithm.
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Severalmeta-heuristictechniqueshavebeenappliedforthetrim-lossproblem,and
specificallyfor1D-CSP.Thesetechniquesincludesimulatedannealing,tabusearch,
andgeneticalgorithms.Twometa-heuristicalgorithms,simulatedannealing(SA)and
tabusearch(TS),areappliedtothe1D-CSPbyJahromietal.(2012).Comparingthe
resultsonseveraltestproblems,itisconcludedthatSAoutperformsTSintermsof
theobjectivefunctionvalues.Ageneticalgorithm-basedheuristicisproposedtosolve
abi-objective1D-CSPbyAraujoetal. (2014).The twoobjectivesareminimizing
the number of used large objects and minimizing the number of different cutting
patterns. Inaddition,asdiscussedearlier, tabusearch isusedbyMatsumotoetal.
(2011).EvtimovandFidanova(2018)useant-colonyoptimizationalgorithmtosolve
acutting-stockproblem.Sanchezetal.(2018)solvethebinarycuttingstockproblem
usingILPandthreemetaheuristicalgorithms:geneticalgorithms,simulatedannealing,
andparticleswarmoptimization.

Anumberofpaperscombinethecutting-stockproblemwithotherrelatedproblems.
Arbib and Marinelli (2014) combine the classical cutting-stock problem with the
machine scheduling problem by considering different due dates for orders. Poldi
anddeAraujo(2016)studythecombinedproblemofcuttingstockandproduction
planning,consideringafiniteplanninghorizonandtakingthecostofinventoryinto
consideration.Melegaetal.(2016)developamodelfortheintegratedlot-sizingand
cutting-stockproblem,andthensolveitusingacommercialoptimizationpackageand
acolumngenerationtechnique.Vanzelaetal.(2017)considertheintegratedcutting-
stock and lot-sizing problem in small-scale furniture factories. Constraints related
tothecuttingsawareconsideredaslimitsonthecuttingcapacity.Poltroniereetal.
(2016)integratethelot-sizingproblemwiththecuttingstockprobleminthepaper
industryandsolvetheintegratedmodelbothheuristicallyandoptimally.Leaoetal.
(2017)discussasimilarprobleminthepaperindustry,inwhich1D-CSPisintegrated
withthelot-sizingproblem.Columngenerationtechniquesandroundingheuristics
aredevelopedtoobtainfeasiblesolutions.

The  above  l i t e ra ture  rev iew indica tes  tha t  mul t i -ob jec t ive  1D-CSP
approaches are very common in the literature. However, with the exception
ofLiangetal.(2002),noneofthepublishedpaperssimultaneouslyaddresses
thesametwospecificobjectivesof thispaper.Asfar theauthorsknow,only
Liang et al. address the same two objectives: minimizing the trim loss, and
minimizing thenumberof partially cut largeobjects.Considering these two
objectives,  Liang et  al .  (2002) apply an evolutionary programming (EP)
heuristicto1D-CSPwithandwithoutcontiguity.Computationalcomparisons
using 20 test problems demonstrate that their EP solutions are significantly
betterthangeneticalgorithms(GA)solutionsinmostcasesandequivalentin
the remainingcases. In thispaper,aheuristic two-stage least-lossalgorithm
(LLA) isdeveloped for thebi-objective1D-CSPand it iscomparedwith the
EP heuristic of Liang et al. (2002). This paper is an extended and enhanced
versionofAlfaresandAlsawafy(2017)conferencepaper.
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3. PROBLEM DEFINITION AND MODEL FORMULATION

To be consistent with the terminology of Dyckhoff (1990), it is assumed that an
unlimitednumberof“large objects”ofonestandardsizeneedtobecutintospecified
quantitiesandsizesof“small items”.A“cutting pattern”indicatesthenumberoftimes
eachsmallitemsizeiscutfromasinglelargeobject.A“cutting plan”isacomplete
solutionthatspecifiescuttingpatternfrequencies, i.e., thenumberof largeobjects
cutaccordingtoeachpattern.

The sizes and quantities of the small items are assumed to be known values
specified by customer orders. Orders are classified according to the size of small
items, thusordersbydifferentcustomers for the samesizearecombined together.
Theprimaryobjectiveofourmodel is tominimize the total trimloss.Thesecond
objectiveistominimizethenumberofpartiallyusedlargeobjects.Accordingtoour
experience, partially used large objects are considered as left-over stock that may
ormaynotbeusedagain.Forthecompanyinwhichthereal-lifeproblemissolved,
partially cut objects are more difficult to use and less profitable to sell. The ILP
modelofthe1D-CSPproblemdescribedaboveispresentedbelow.First,thenotation
isdefined,andthenthemodelobjectivesandconstraintsarepresented.

3.1. Integer Programming Model Notation

si=size(constantlength)ofallsmallitemsinorderi,i=1,…,I
qi=quantityofsmallitemsofsizesirequiredinorderi,i=1,…,I,qi≥0andinteger
aij=numberoftimessizesiiscutfromcuttingpatternj,i=1,…,I,j=1,…,J,aij
≥0andinteger
wj=trimlossofcuttingpatternj,0≤wj≤L,j=1,…,J
bj=1ifcuttingpatternjhastrimloss(wj>0),j=1,…,J=0ifcuttingpatternj
hasnotrimloss(wj=0)
L=givenstandardlengthofthelargeobjects,L≥0
N=numberoflargeobjectsused,N≥0andinteger
PC=numberofpartially-cutlargeobjects(PC≤N),PC≥0andinteger
Xj=numberoftimescuttingpatternjisused,i.e.,numberoflargeobjectscut
accordingtocuttingpatternj,Xj≥0andinteger,j=1,…,J

3.2. Objective Functions
Thefirstobjective(1)istominimizethetotaltrimlossTL,andthesecondobjective
(2)istominimizethenumberofpartiallycutlargeobjectsPC:

MinimizeTL= w X
j j

j

J

=
∑
1

 (1)

MinimizePC= b X
j j

j

J

=
∑
1

 (2)
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3.3. Constraints
Customerdemandsforeachorder(size)mustbesatisfied:

a X q
ij j

j

J

i
=
∑ ≥
1

i=1,…,I (3)

Thenumberofusedlargeobjectsisequaltothetotalfrequencyofallcuttingpatterns:

X N
j

j

J

=
∑ =
1

 (4)

Thetrimlossofcuttingpattern j is thedifferencein lengthsbetweenthe large
objectandallsmallitemscutfromit:

w L a s
j ij i

i

I

= −
=
∑
1

j=1,…,J (5)

L.bj≥wjj=1,…,J (6)

AlthoughtheaboveILPmodellooksfairlysimple,itisquitedifficulttoconstruct
andtosolveoptimallyduetoseveralfactors.First,thegenerationofcuttingpatterns
aloneisachallengingtask.ForagivenlargeobjectlengthL,thenumberofpossible
patterns increases exponentially with the number of orders (sizes) I. Second, the
inclusionoftwoobjectivesintheabovemodelisasignificantcomplicatingfactorthat
makesoptimumsolutionmoredifficult.Handlingthetwoobjectivesbypre-emptive
goalprogrammingwouldrequiretwostagesofoptimumsolutionintheorderoftwo
priorities.Third,thepureintegeroptimizationmodelisdifficulttosolveforlarge-
sizeindustrialproblems.Finally,thenonlinearityofthesecondobjectivefunction(2)
addsanotherdimensionofdifficulty,asnonlinearoptimizationproblemsaregenerally
farmore formidable than linearproblems.Basedon thedifficulty inobtaining the
optimumsolution,heuristicmethodsconstitutetheonlypracticaloptiontosolvethe
problem.Inthispaper,logicalheuristicrulesareusedtodevelopatwo-stageleast-
losssolutionalgorithm,whichispresentedbelow.

4. TwO-STAGE LEAST-LOSS ALGORITHM (LLA)

4.1. Algorithm Notation

D=allowedtrimlossforthegiveniteration
RM=remainder(actualtrimloss)forthegivenpattern
k=numberofsmallitemsineachlargeobject
MXi=maximumnumberofsmallitemsineachlargeobjectifsizesiisincluded
S=vectorofrequiredsmallitemsizes=(s1,s2,…,sn)
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Q=vectorofthequantity(numberrequired)ofsmallitemsizes=(q1,q2,…,qn)
δk,i=onepattern(combination)ofksmallitemsincludingsi,δk,i∈∇(k,i)
∇(k,i)=setofalldifferentpatternsδk,icontainingksmallitemsincludingsi, 
suchthatallsizesarenotlessthansi,andthesumoftheirsizesisnotgreaterthanL
PF(δk,i)=patternfrequency,i.e.,numberoftimespatternδk,iisused
nsjδ=numberoftimessizesjisused(cut)inpatternδk,i

4.2. Stage 1: Decreasing Order of Size
Inordertosolvetheproblem,theheuristicleast-lossalgorithm(LLA)proceedsin
twostages.Inthefirststage,thesmallitemsarearrangedindecreasingorderofsize.
Thisdecreasingorderhasbeenfoundtoprovidethebeststartforthealgorithm,asit
generallyleadstothebestheuristicsolutions.Duetotheeffectivenessofthedecreasing
sizeorder,itisusedinseveralwidely-usedCSPsolutionmethods,includingthewell-
knownfirst-fit-decreasing(FFD)heuristic(EilonandChristofides,1971).TheFFD
algorithmarrangessmallitemsindecreasingorderoflength,andthenassignsthem
individuallytothefirstavailablelargeobject.AccordingtoDyckhoff(1990),theFFD
algorithmisquiteefficient,havingatimecomplexityofO(IlogI)andaworst-case
performanceof18.2%trim-lossincreaseabovetheoptimum.

Duringthefirststage,theleast-lossalgorithmproceedsindecreasingorderofsmall
itemsizes(s1>s2>s3>…>sn).Startingwithsize1(largestitem),thealgorithm
firstfindsallpossiblecombinationsofthecurrentsize(i)andsmallersizes(si,…,
sn)thatproducezerotrim-loss(D=0).Afterassigningallavailablesmallitemsto
these combinations, the remaining sizes and quantities are determined. Next, the
algorithmmovestothenext(smaller)itemsizetofindandassignallcombinations
oftheremainingsmallitemssizesforwhichD=0.Aftergoingthroughallsizes,the
algorithmstartsagainatsize1tofindsallpossiblecombinationsoftheremaining
items thatproduceaone-unit loss (D=1).Theprocess is repeateduntilall small
itemshavebeenassignedtolargeitems,i.e.,allcustomerordershavebeensatisfied.
Stepsoftheleast-lossalgorithmaredepictedinFigure1,anddetailsofthesesteps
aredescribedbelow.

Initializationstep:

SetTL=0
SetN=0
SetPC=0

4.2.1. Step 1: Initial Order

Arrangesmallitemsindecreasingorderofsize:

s1>s2>s3>…>sn
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Figure 1. Flowchart of the least-loss algorithm
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4.2.2. Step 2: Least-Loss Assignments

For D = 0, …, L – sn

  For i = 1, …, n
 
              MXi

 = 
L s

s
i

n

−














+1,

              Where a = largest integer ≤ a
       For k = 2, …, MXi

          For all δ
k,i
 ∈ ∇(k,i)

              RM = L – s
j

j k i∈
∑
δ ,

 

              If RM = D
                   Select pattern δ

k,i

 
                   PF(δk,i

) = min
,j

j

j
k i

q

ns∈































δ
δ

                   q
j
 = q

j
 – ns

jδ
×PF(δ

k,i
), j ∈ δ

k,i
 

                   If qj = 0, remove item j from arrays S and Q
                   TL = TL + D×PF(δk,i

)
                   N = N + PF(δk,i

)
                   If D ≠ 0, PC = PC + PF(δk,i

)
                 If RM ≠ D
                   Ignore pattern δk,i and go to the next pattern
              End if 
          End for δk,i

       End for k
  End for i
End for D

If the first stage of the LLA heuristic produces a satisfactory solution, then a
secondstageisnotrequired.Inordertoconsiderthefirst-stagesolutionsatisfactory,
thenumberoflargeobjectsused,N,shouldbenomorethan5%percentabovethe
optimumlowerboundNmin.This5%-thresholdisaheuristicparameterthathasbeen
determinedbasedonextensivenumericalexperiments.

If:

100
5

( )
%min

min

N N

N

−
> 

gotoPhase2,where:

Nmin= 1
1L
q s
i j

i

I

=
∑











  (7)
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Ifthisconditionisnotsatisfied,thenthealgorithmproceedstothesecondstage
totrytoobtainabettersolution.

4.3. Stage 2: Modified Initial Order
Thesecondstageofthealgorithmissimilartothefirst,butitstartswithadifferent
order of small items. After arranging small items in decreasing order of size, the
middle-ranked item is moved to the beginning of the sequence. This second-stage
rearrangementofsmallitemsisselectedfromseveralreorderingoptionsonthebasis
ofextensivenumericalexperimentation.

Thismodifiedsequenceusuallyleadstobettersolutionsifthefirst-stagesolution
isfoundunsatisfactory.Thesecondstageisaneighborhoodsearcharoundthefirst-
stagesolution,wheretheneighborhoodmoveisdefinedasapermutationoftheorder
ofsmallitems.Attheendofthesecondstage,thealgorithmselectsthebetterofthe
twosolutionsproducedinstages1and2.

4.3.1. Step 1: Initial Order

Arrangesmallitemsindecreasingorderofsize,andthenbringtheiteminthemiddle
tothebeginningofthesequence.Ifthenumberofsizesiseven,taketheseconditem
fromthetwosizesinthemiddle.Asusualwithallheuristicprocedures,thisrulewas
developedbasedonextensivetrial-and-errorandnumericalexperimentation:

s s s s s s
n n n n+


 +


− +


+

> > > > > > >
1 2 1 2 1 2 1 1 2 1

… … 

4.3.2. Step 2: Least-Loss Assignments

SamestepsasinStage1.

5. BENCHMARKING AND INDUSTRIAL APPLICATION

5.1. Benchmarking Analysis
In order to test the least-loss algorithm (LLA), we searched for benchmark CSP
problemsdescribedintheliterature.Inspiteoftheabundanceofpublishedstudies
reporting computational experiments with numerous CSP test problems, very few
papers provide full descriptions of the test problems. As an exception, Liang et
al. (2002) provide complete descriptions of 20 test problems they used in their
computationalexperiments.Outofthese20problems,weused10problemsthathave
asinglelarge-objectlength.Thissetof10problemscontains5smallerproblems(1-
5)originallydescribedbyHinterdingandKhan(1995),inwhichthenumberofsizes
rangeis(I=8-18)andthenumberofitemsrangeis(Σqi=20-126).Theremaining
5problems(6-10)arelarger,inwhichthenumberofsizesrangeis(I=18-36)and
thenumberofitemsrangeis(Σqi=200-600).Sizedimensionsofthe10benchmark
problemsareshowninTable1.
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Computationalexperimentswiththe10benchmarkproblemswereperformedto
evaluatetheproposedtwo-stageleast-lossalgorithm(LLA)intermoftwocriteria.
Thefirstcriterionisefficiency(computationalperformance,orsolutiontime),while
thesecondcriterioniseffectiveness(i.e.solutionquality,orvaluesoftheobjective
functions). To assess computational efficiency, solution times of the least-loss
heuristicareshowninTable1.ThesetimeswereobtainedusingMATLAB2011a,or
version7.12.0I,onalaptopPCrunningonWindows8,withthefollowinghardware
specifications(Intel(R)Core(TM)I7CPU,2.20GHz,8.00GBRAM).Unfortunately,
comparative and up-to-date computational time data for these problems is not
available.However,thesolutiontimesareclearlyveryreasonable,giventhelarge
dimensionsofthetestproblems.Eventhelargestproblems,involving36sizesand
600orderedsmall items,aresolvedinlessthan1minute, indicatingahighlevel
ofcomputationalefficiency.

Intermsofthesolutionquality,theproposedleast-lossheuristiciscomparedto
boththeoptimumsolutionandtheLiangetal.(2002)solution.Theoptimalsolutions
of the10 testproblemsarenot available,butweused the theoreticalboundNmin
torepresenttheoptimalnumberoflargeobjects,N.Table2showsthevaluesofN
obtainedbythreemethods:theoptimumbound(Nmin),Liangetal.procedure,and
theleast-lossalgorithm(LLA).JudgingbythevaluesofN,theleast-lossalgorithm
producessolutionsthatareeitheroptimumorverynearlyoptimum.Theleast-loss
algorithmsolutionisoptimumfor5testproblemsanditincreasesNbyanaverage
ofonly1.16%aboveoptimum.Ontheotherhand,thesolutionprocedureofLiang
etal.(2002)isoptimumfor4testproblemsandincreasesNonaverageby2.49%
aboveoptimum.ItshouldbenotedthattheLLAsolutionsmightbeactuallyeven
closertooptimality,becausetheoptimumsolutionmightbeinsomecasesgreater
thanthelowerboundNmin.

Table 1. Size dimensions and solution times of benchmark problems

Problem Number Number of Sizes: I No. of Items: Σqi
Large Object 

Length: L
LLA Solution Time 

(sec)

1 8 20 14 0.125

2 8 50 15 0.1094

3 8 60 25 0.1406

4 8 60 25 0.2969

5 18 126 4300 1.8906

6 18 200 86 0.9219

7 24 200 120 5.0781

8 24 400 120 6.125

9 36 400 120 46.813

10 36 600 120 52.688
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Table3compares thesolutionqualityof the least-lossalgorithm(LLA) to the
EPheuristicofLiangetal.(2002)intermsoftwoobjectives:trim-lossquantityTL,
andnumberofpartially-cutlargeobjectsPC.Forthetrim-lossobjectiveTL,theLLA
heuristicproducedbettersolutionsforall10testproblems,reducingTLbyanaverage
of26.4%,andamaximumof87.5%comparedtothesolutionsofLiangetal.(2002).
ForthenumberofpartiallycutlargeobjectsPC,theLLAheuristicproducedbetter
solutionsin9outof10problems,reducingPCbyanaverageof30.5%andamaximum
of85.9%comparedtoLiangetal.solutions.Ingeneral,theleast-lossalgorithm(LLA)
seemstoprovideagreateradvantageofovertheLiangetal.solutionsastheproblem
sizeincreases.

In summary, comparisons with the solutions by Liang et al. (2002) confirmed
the superiority of the proposed LLA heuristic in term of the solution quality and

Table 2. Number of large objects used N for benchmark problems

Problem Nmin Liang LLA % Liang > Nmin % LLA > Nmin

1 9 9 9 0 0

2 23 23 23 0 0

3 15 15 15 0 0

4 19 19 19 0 0

5 51 54 53 5.88 3.92

6 78 82 81 5.13 3.85

7 68 69 68 1.47 0

8 143 149 145 4.20 1.40

9 149 155 152 4.03 2.01

10 215 224 216 4.19 0.47

Table 3. Trim-loss TL and partially-cut objects PC for benchmark problems

Problem 
Number Liang TL LLA % LLA < 

Liang Liang PC LLA % LLA < 
Liang

1 3 3 0 2 2 0

2 13 13 0 4 4 0

3 0 0 0 0 0 0

4 11 11 0 1.2 1 16.67

5 11966 11450 4.31 22.8 23 -0.88

6 309.4 275 11.12 33.7 28 16.91

7 189.6 84 55.70 15.34 4 73.92

8 788 332 57.87 76.68 32 58.27

9 730 382 47.67 48.4 22 54.55

10 1037.2 130 87.47 70.7 10 85.86
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computational performance. The results show significant improvements over the
Liangetal.(2002)algorithm,withgreaterimprovementsforlargersizesproblems.
Theresultsalsoshowthattheleast-lossalgorithmprovidesnear-optimumsolutions
inshortcomputationtimes.

5.2. Industrial Application
Havingprovenitscomparativesuperiority,theLLAheuristicwasthenappliedto
areal-lifelargetrim-lossproblem.Thecompanyfacingthistrim-lossproblemisa
leadingmanufacturerofofficefurniture.Thecompanyneedstocut6m-longbars
of extrusion profiles used to make office partitions in order to satisfy demands
from different customers. To solve such problems, the company has been using
acommercial trim-loss softwarepackage that appliesanundisclosed (black-box)
heuristic.Foragivenplanningperiod,datawasobtainedonactualtypicaldemands
fordifferentsmallsizesofextrusionprofilesfromthreebranchesofthecompany.
Thisdatarepresentsalarge-sizetrim-lossproblem,inwhichthenumberofordered
itemsΣqiisequalto7,764.ThisproblemwassolvedbyboththeLLAheuristicand
thecompany’ssoftwarepackage.

Table 4 compares the LLA heuristic solution with the results produced by the
commercialsoftwarepackage.Using(7),thetheoreticallowerboundontheminimum
numberoflargeobjectsrequiredNminisequalto1454.IntheLLAheuristicsolution,
thenumberofobjectsusedis1473,whichisonly1.3%aboveNmin.Thisprovesthat
theLLAheuristicisabletoproducenear-optimumsolutionsforlarge-sizeindustrial
problems.Moreover,comparedtothecompany’ssoftwarepackage,theLLAheuristic
reducesthetotaltrimlossby14.2%andthenumberofusedlargeobjectsby4.6%.
ForboththeLLAsolutionandthecompany’ssolution,itshouldbenoted,alltheused
largeobjectsarepartiallycut,i.e.N=PC.Reductionsinthetotaltrimlossleadto
hundredsofthousandsofsavingsinmaterialcostseachyear.Moreover,reductionsin
thenumberofusedlargeobjectsresultinadditionalsavingsinlaborhours,material
handling,andstoragecosts.

5.3. Managerial Insights
Theresultsofboththebenchmarkstudyandtheindustrialcaseapplicationconfirm
thattheproposedalgorithmsignificantlyoutperformsprevioustechniquespublished
intheliteratureaswellasanexistingcommercialsoftware.Inparticular,theindustrial
application presented in this section shows that our least-loss algorithm (LLA)

Table 4. Trim-loss and number of large objects for the industrial application

TL (mm) N PC % N > Nmin

Co. 570,542 1544 1544 6.2

LLA 489,457 1473 1473 1.3

%LLA<Co. 14.2 4.6 4.6 4.9
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heuristicisvalidandverybeneficialinlarge-scalereal-lifeindustrialapplications.For
productionmanagersdealingwithone-dimensionaltrim-lossproblems,theproposed
LLA algorithm provides a viable option to make near-optimum daily decisions.
Obviously, these managers must aim to achieve the two prioritized objectives of
theLLAheuristic:minimumtrim-loss,andminimumnumberofpartially-cutlarge
objectives.Ifthisisthecase,thentheLLAheuristichasthepotentialtoprovidehuge
savingsintermsofthematerial,labor,andinventorycosts.Loweringthenumberof
partially-cutlargeobjectsalsoreducestheprocessingandoperationalcosts,simplifies
planning,andreducesmanagerialoverhead.

6. CONCLUSION

Anew,bi-objective,one-dimensionalcutting-stockproblem(1D-CSP)hasbeen
modeledandsolved.Thetwoobjectives,intheorderofpriority,areminimization
oftrim-lossquantity,andminimizationofthenumberofpartiallycutlargeobjects.
Assuming that a single standard length is specified for all large objects, the
integer-programmingmodelofthismulti-objective1D-CSPhasbeenformulated.
Astheoptimumsolutionofthisproblemisnoteasytofind,especiallyforlarge
industrial applications, a new heuristic least-loss algorithm (LLA) has been
presented toefficientlyproducenear-optimumsolutions.Basedoncomparative
experiments with benchmark problems, the new LLA heuristic demonstrated
significantadvantageoverpreviousapproaches in the literature.Computational
testsalsoconfirmedthenear-optimalityandcomputationalefficiencyofthistwo-
stage heuristic algorithm. The significant reductions obtained by the proposed
algorithmintrim-lossandnumberofpartiallycutlargeobjectsmeanhugesavings
inmaterial,processing,andinventorycosts.

Severalalternatives toextend thisworkarepossible for future research.These
includetheconsiderationofseveralstandardlengthsoflargeobjectsinsteadofonly
onestandardlength.Anotherpossibility is toapplyamodifiedleast-lossapproach
to higher-dimensionality problems such as 2-D CSP and 3-D CSP. An additional
interestingextensionwouldbetoincludeexplicitcostobjectivessuchassetupcost
andinventorycost.Manyotherlogicalextensionsareavailable,includingconsidering
multipletimeperiods,shortages,andtime-varyingorstochasticcustomerdemands
forthesmallitems.
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