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ABSTRACT

Inthisarticle,ahybridmethodisproposedtosolvetheuncapacitatedplanarmulti-facilitylocation
problems.ThenewhybridmethodconsistsofacombinationoftheRevisedWeightedFuzzyC-Means
(RWFCM)algorithmproposedbyEsnafandKüçükdeniz(2013)andtheFortifiedWeiszfeldalgorithm
developedbyDrezner(2015).TheclustercentersandtheclusterassignmentsoftheRWFCMarefed
intotheFortifiedWeiszfeldAlgorithmseparatelyforeachclusterandfacility-customerallocations
aredetermined.Theproposedapproachisbenchmarkedonsampledatasetsfromthefacilitylocation
literature.Resultsof theproposedhybridmethodshowthat thenewlyproposedsequentially-run
methodachievesbetterresultswhencomparedagainstthebenchmarkmethods.Thispaperisapioneer
studyofthehybriduseofRevisedWeightedFuzzyC-MeansandFortifiedWeiszfeldalgorithms.
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INTROdUCTION

Inthispaper,ahybridalgorithmtosolveuncapacitatedplanarmulti-facilitylocationproblemsis
proposed.Themulti-facilitylocationproblem(MFLP)istheproblemofplacinganumberoffacilities
toserveagroupofcustomerssuchawaythatthetotalcostisminimized.GermanengineerAlfred
WebergavethefirstexampleofMFLPproblemsinhisfamousbook“OntheLocationofIndustries”
in1909.Inhisbook,Weberemphasizedthatthelocationsofindustriesarecrucialforoptimizing
thecosts(Weber,1909).

Weber(1909)usedandgeneralizedtheFermatprobleminordertominimizethecosts.TheFermat
problemisaboutfindingaspecialpointinatrianglesothatthesumofitsdistancestothecorners
isminimized.TheproblemintroducedfirstinaletterfromFermattoTorricelliinthe17thcentury.
Sincethenthesamequestionaroseandwasansweredinseveralforms.Weber(1909)reformulated
thequestionbyincreasingthenumberofpointsfromthreetoanynumber,andusedtheideaof“a
weight”whichisinfactfirstlydiscussedinSteinerin19thcentury(Beck&Sabach,2015).
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Hence,theproblemisbeingnowcalledtheFermat-Weberproblem,orjusttheWeberProblem.
Here, theaimis tofind theoptimumlocationsof facilitiesservingall thedemandpointswhose
locationsareknown,withconditionthatthesumofthedistancesfromeachdemandpointtothe
facilityisminimized.Intheoriginalproblemthereisonlyonefacility,andthereforeitisalsocalled
“the single facility location problem”. On the other hand, Multi-Facility Location Problem is a
generalizationofWeberproblem.InMFLPthereismorethanonefacility.(Iyigun&Ben-Israel,2010)

Thelocationproblemanditssolutionshavearichliterature.Sincethe1960stheproblemis
studiedmorethoroughly,andmanydifferentformshavebeenproducedandmanysolutionmethods
areproposed.Daskin(1995)givesadetailedclassificationwhichcontainsmorethantentypesof
classesfortheproblem.Similarly,Sule(2001)gives5stepsofclassification.Thediversityisdueto
therichnessofthevarietyofconstraintsindifferentapplications.

Thesolutionmethodsfirstprimarilydependonthenumberoffacilitiesandclassifiedasthe
SingleFacilityLocationProblem(SFLP)andMulti-FacilityLocationProblem(MFLP).Inthispaper,
Multi-FacilityLocationProblemsare in focus. InmanyapplicationsofMFLP,decomposing the
problemintoasinglefacilitylocationisverycommonbecausetheseproblemsareNP-hard(Esnaf
andKüçükdeniz,2013).

AnotherimportantfactorinsolvingMFLPisthestructureofthefacilityanddemandpoints:
Continuous(planar),networkordiscretestructures.Inthisstudytheassumptionisthatthesolution
hasacontinuousstructure,thatis,facilitiescanbeplacedanywhereontheplane.

One another factor in constructing solutions forMFLP is the capacityof the facilities.The
facilitiescanhave limitedorunlimitedsources.Thefacilitieshaveanunlimitedcapacity for the
problemssolvedinthisstudy.

Besides,otherfactorsarestaticordynamicstructuresofthefacility,ownershipofthefacilityas
publicorprivate,deterministicorprobabilisticcharacteristicsofthedemand,theadditionoffacilities
totheexistingsystemorfacilityclosure,andfixedandvariablecosts.

Inthispaper,itisfocusedondetermininglocationsofuncapacitatedfacilitiesinad-dimensional
plane.Theauthorswillsuggestacombinationoftwopreviouslyknownalgorithmsforthesolution.
Thefirstalgorithmistherevisedweightedversionoffuzzyc-meansandthesecondistheempowered
versionoftheWeiszfeldalgorithm(Weiszfeld,1963)calledFortifiedWeiszfeldproposedbyDrezner
(2015).

Therestof thepaperisorganizedasfollows.TheMFLPisdescribedmathematicallyinthe
secondsection.Inthethirdsection,itisgivenaliteraturereviewofdevelopmentsinrecentdecades.
Thefourthsectioncontainsthedetailsoftherevisedweightedfuzzyc-meansalgorithm,Weiszfeld
andFortifiedWeiszfeldalgorithms.Thefifthsectiongivesthedetailsoftheproposedalgorithm.
Afterward,theresultsofexperimentsondifferentdatasetsaregiveninthesixthsection.Thedata
setsusedtomakeanobjectivecomparisonherearethesameasEsnafandKüçükdeniz(2013)in
ordertoobtainarobustcomparison.Intheseventhandthelastsection,conclusionsarediscussed.

LITeRATURe ReVIeW

InordertosolveMFLP,itisgenerallyfollowedthemethodtodividethesetofdemandpointsinto
subsetsandfindsupplycenterforeachofthemseparately.Miehle(1958)isfirsttoputforwardthis
wayofsolvingMFLP.Cooper(1963)gavethestatementofMulti-FacilityWeberproblemformally
(Rosing1991).Cooper (1964)used this idea topropose an iterativeheuristicmethodknownas
AlternateLocation-Allocation(ALA)algorithm.Thesamewaywillbefollowedinthisstudy:first
decomposethesetofdemandpointsintosub-clustersandthentunethepositionofclustercentersso
thatoptimalfacilitylocationsareobtained.

Since1960sdifferentcompositemethodsareproposedtosolvebothuncapacitatedandcapacitated
MFLPs.KuenneandSoland(1972)appliedabranch-and-boundalgorithm.LogendranandTerrell
(1988)introducedthestochasticuncapacitatedfacilitylocation-allocation(UFLA)model.Taillard
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(1996)proposedtriplealgorithmCLS,LOPTandDECwhichcanbeusedforthesetswithalarge
numberofdemandpoints.

Levin and Ben-Israel (2004) suggested a hybrid method consists of the Nearest Center
ReclassificationAlgorithm(knownalsoasALA)proposedbyCooper(1964)andNewton-Bracket
methodthatisusedforsinglefacilityproblem.

EsnafandKüçükdeniz(2009)proposedahybridmethodinwhichdemandpointsareclustered
using fuzzyc-meansandafterward thecenterofeachcluster isdeterminedbycenterofgravity
method.Thismethodisusedforuncapacitatedcontinuousmulti-facilitylocation-allocationproblem.

EsnafandKüçükdeniz(2013)developedanalgorithmnamedRevisedWeightedFuzzyC-Means
toavoidusingsequentialcomputationsandreducingCPUtime.

Literaturereviewrevealsthatthehybridizationoffuzzyc-meansandWeiszfeldtypealgorithms
isanovelapproach,whichhasnotbeeninvestigatedyet.

PROBLeM deFINITION

Multi-facilitylocationproblemisanoptimizationproblemwiththecostfunction,whichisdefined
below(IyigünandBen-Israel,2010):

z w d x v
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c

x V

k k i

k i

= ( )
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∑∑
1

�,�  (1)
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i
=          tty 
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k i
,( ) = 

Here,d x v
k i
,( ) istheEuclideandistanceandcalculatedasfollows:

d x v x p y q
k i k i k i
,( ) = −( ) + −( )2 2

 (2)

InthispaperseveralassumptionsareacceptedfortheMFLP(asinLozanoetal.,1998andEsnaf
andKüçükdeniz,2013):

1-Facilitiescanbelocatedanywhereonaplane,andtheirfinallocationsareiterativelyfound.
2-Interactionsbetweenfacilitiesarenotallowed.
3-Eachcustomerisonlyservedbyasinglefacility;inotherwords,customersmaynotsplittheir

demandbetweentwoormorefacilities.
4-TransportationcostsareassumedtobeproportionaltotheEuclideandistance.
5-Eachcustomerisassignedtoitsnearestfacility.
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6-Setupcostsareomitted.
7-Customersspreadoveracontinuousregionofaplaneandtheirlocationsanddemandsarefixed.

ReVISed WeIGHTed FUZZy C-MeANS ALGORITHM (RWFCM) 
ANd FORTIFIed WeISZFeLd HyBRId ALGORITHM

InthispapertheauthorsproposetousebothRWFCMandWeiszfeldalgorithmsconsecutivelyto
get remarkable results for continuous multi-facility location problem. RWFCM first clusters the
demandpointsandderivestheclustercenters.Afterthat,theseclustercentersarefine-tunedbyusing
Weiszfeldalgorithm.Inaddition,amodifiedformofWeiszfeldalgorithmcalledFortifiedWeiszfeld
byDrezner(2015)fine-tunedtheclustercenters.

Thedetailsofthesealgorithmsaregivenbelow.

Revised Weighted Fuzzy C-Means Algorithm (RWFCM)
The RWFCM (Esnaf, and Küçükdeniz 2013) is a specific form of the weighted fuzzy c-means
algorithmproposedbyBezdek(1981),Tsekouras(2005)andTsekourasetal.(2005).Inthisalgorithm
theweightsofthedemandpointsaregivenandacceptedasconstantduringalliterations.Insupply
chainmanagementcontext,demandsofthecustomersaretheweightfactorusedbytheRWFCM
algorithm.

InFCMandRWFCMsamecostfunctionisused:
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InFCM(Bezdek,1981)thefinalprototypesandtherespectivemembershipfunctionsthatsolve
thisconstraintoptimizationproblemaregivenbythefollowingequations:
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and
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InFCM,theweightsareequal.Ontheotherhand,RWFCMacceptsdifferentvaluesforweights.
TheweightsofpointsareseenasthedemandamountofeachpointinRWFCM.

So,thestepsofRWFCMaregivenasfollows:
Step1: c ,thenumberofclusters, p ,avalueforthefactorandinitialvaluesforfacilities v

i
are

selectivelydetermined.
Step2: Byusingtheformula(6)themembershipvaluesu

ik
arecalculatedfor1 1≤ ≤ ≤ ≤i c k n�,�

Step3: Thenewvaluesofthefacilitiesareobtainedbytheformula(5).
Step4: Theiterationsarecontinueduntilmax v v

i i
new

err
−{ } < ε whereε istheerrorcoefficient

thatisdeterminedinitially.
Weiszfeld Algorithm
Weiszfeld(1937)gaveadifferentmethodtoproveatheoremwhichhadbeengivenfirstbySturm
in1884forsolvingFermatproblem.Infact,hehadgiventhreedifferentproofsandinthefirstone
definedasequenceconvergestoanoptimalsolutionoftheproblem.

Fromthissequenceanalgorithmcanbededuced.Sincethenotionofalgorithmisnotfamiliar
inthosedays,thepaperhadbeenignoredforalongtime.FirstMiehle(1958),andlaterKuhnand
Kunne(1962)proposedsimilarmethodsandemphasizedtheconvergenceproblemoftheoriginal
algorithm. In 1963, Cooper also reinvented the method without knowing Weiszfeld’s work, for
themoregeneralproblemofmultiplelocationsinplane(BeckandSabach,2015).Cooperdidnot
provideaconvergenceanalysisbutmentionedthatinhisnumericaltests,themethodworksvery
wellincomparisontoothermethods.Itseemsthatafter1963,researchersstudyingoptimizationand
locationproblemswereverywellawareofthemethod,andWeiszfeld’soriginalpapergotitsrightful
credit(BeckandSabach,2015).

After70’stheresearchesfocusedontheconvergenceanalysisandKuhn(1973),Chandrasekaran
and Tamir (1989), Brimberg (1995), Cánovas, et al. (2002) gave a detailed explanation on the
convergenceofthealgorithm.

InFermat-Weberproblemobjectivefunctionisgivenas(BeckandSabach,2015):
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Notethatthegradientisonlydefinedonpointsdifferentfroma
i
’s.Weiszfeld’soriginalresult

is(BeckandSabach,2015):
Theorem:Supposethatalla

i
’sarecollinear.Then,
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Thistheoremgives
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BydefininganewoperatorT asT x
w

x a

w a

x a
i

m
i

i

i

m
i i

i

( ) =

−

−
=

=∑
∑:

1

1

1
�

� So,theequationcanbe

writtenasfollows:

T x x( ) = *  (11)

Inotherwords, ∀ ∈ ℘� � � \ ,y d�

y T y if andonly if f y= ( ) ∇ ( ) = � � � 0  (12)

Hence,thisconnectiongivesusWeiszfelditerativeformula:
Initialization:x

o
d� � \∈ ℘�

GeneralStep: k = …( )0 1, , .. x T x
k k+ = ( )1

Thealgorithmcanbewrittenusingmoresuitablenotationasfollows:
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Modified Weiszfeld Algorithm
As the number of demand points is raised, the convergence becomes slower and the algorithm
mayrequirethousandsofiterations.Duetothisfact,someresearchersfocusedonacceleratingthe
Weiszfeld’salgorithm,inparalleltoconvergencestudies.

Ostresh(1978)suggestedacceleratingthealgorithmbyusingtheoperatorasfollows:

T y y T y yλ λ( ) = + ( )−( )   (14)

Ostresh(1978)andDrezner(1992)showedthatthemodifiedmethoddefinedbyx T x
k k+ = ( )1

� ��� ���
λ 

isconvergentfor λ ∈ 

1 2, .Chen(1984)alsogivesasimilarstep-sizemodificationusingradials

whichgivestheresult that theconvergenceisvalidfor λ withthecondition 1
1

≤ ≤
−

λ
k

k
� for

k-dimensionalcase.Theuseofλ =1.8isrecommendedtoprovidethebestempiricalresults(Drezner,
1992).Inhisformulationformulaabovecanbenotifiedasfollows:
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whereX ' isthestartingpoint,andX '' isthenextpointreachedbythealgorithm.Inthisapproach
newpointiscalculatedas:

X X X X= + −( )′ ′′ ′ λ  (16)

ThealgorithmiscontinuedwiththisnewpointX .
Drezner(1995)suggestedusingSteffensen’smethodtoacceleratethevalueofX linearly.In

thismethodeachcomponentofnewpointiscalculatedseparatelyasfollows:

x̂ x
x x

x x x
= −

−( )
+ −0

1 0

2

2 0 1
2

 (17)
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wherex f x x f x
1 0 2 1
= ( ) = ( )�,� .

Besidestheseworks,therearealsostudiesongeneralizationofWeiszfeldalgorithmusing l
p


metrics(AftabandHartley,2015),differentstructuresofspaceorconvexityoftheregion(Eckhardt,
1980).

Fortified Weiszfeld Algorithm
Drezner (2015) suggested a new form for the Weiszfeld algorithm called Fortified Weiszfeld
Algorithm.IthasbeenshownthatthealgorithmismuchfasterthantheoriginalWeiszfeldmethod,
injustafewsteps,itispossibletoreachthesamevalueinsteadofhundredsstepsoftheoriginal
algorithm.

“ThefortifiedWeiszfeldalgorithmconsistsoftwocomponents:approximatingaparaboloidand
checkingveryfewdemandpointstofindwhethertheyareoptimal”(Drezner,2015).Forapproximating
paraboloid,thesecondorderapproximationoftwo-variablefunctionisused.

Incalculus, the secondorderapproximationofa two-variable function, F x y,( ) ,nearpoint
x y

0 0
,( ) isdefinedasfollows:
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Sotheapproximationisaquadraticfunctionv v x v y v x v y v xy
1 2 3 4

2
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2
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2
0+ + + + + =� � �� .In

ordertofindtheunknowncoefficients,v
i
’s,ofthisequation,Drezner(2015)useseightequations

f F F
j j j
= ( )− ( )θ ψ, ,0 0 where θ ψ

j j
,( ) arethepoints

1 1 1 1 1 1 1 1 0 1 0 1 1 0 1, , , , , , , , , , , , , ,( ) −( ) −( ) − −( ) ( ) −( ) ( ) − ,,0( ){ } .

TheequationsarewrittenasAv f= whereA
x8 5

isthematrixgivenbelow:
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The residuals are Av f=  and the sum of squares of errors is the product vectors
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Bydifferentiatingthematrixproductbyv itisobtained:2 0Av f A
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NotethathereAv f− isa8×1matrixandlefthandsideis1x5vector.Byproductandtransverse

rulesofmatrices:

Av A f A
T T( ) − = 0 

v A A f AT T T= 

A Av A fT T=  

v A A A fT T= ( )−1
� (17)

Here A A AT T( )−1
canbecalculatedandfollowingmatrixisobtained:

A A AT T( ) =










− −
− −

−1 1

120

12 12 12

15 15 15

12 12 12

12 24 24

1��� 55 0 0

12 36 36

36 36

0 0

24 24

10 10 10

10 10 10

10 0 0

10 10 10

10

��

���� ��

−
−

−
−
− −

−−





























10

0 0
�

 (18)

T h e n  t h e  c o e f f i c i e n t  v e c t o r 
�
v  i s  o b t a i n e d  b y  t h e  f o r m u l a s

v f f f f f f f f
1 1 2 3 4 5 6 7 8

12 12 12 12 24 24 36 36= + + + − − + +( )� � � � � � � � ,etc.
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SincetheWeiszfeldalgorithmstuckatthedemandpoints,numerousiterationsareneededto
approachthesolutionpoint.Topreventsuchcases,theimportantthingistoknowwhetherthesolution
isonademandpoint.Forthispurpose,Loveetal.(1988)proposethatdemandpointiisoptimalif
andonlyifthefollowingconditionissatisfied:
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AnindicatorvectorU u
i

= 

 ismaintained.Ifdemandpointiwasnotcheckedforoptimality

u
i
= 0 otherwiseu

i
= 1 .ThevectorU issettoallzeroes.

Whendemandpointiis‘close’toX '' andu
i
= 0 demandpointiischeckedforoptimalityby

theformulaabove.
Ifdemandpointiisoptimal,itisreturnedasthesolution.Otherwise,setu

i
= 1 andproceed.

Closenesscanbedefinedinmanyways.Itisselectedas‘close’thedemandpointclosesttoX ' .
Identifyingsuchademandpointrequiresverylittleextraeffortbecausethedistancestoalldemand
pointsarecalculatedfortheWeiszfelditeration(Drezner,2015).

Thealgorithmconsistsofthefollowingsteps:
Inthebeginning,locationaccuracy ε > 0 andastartingsolution ′X aregiven.

(1) Setu
i
= 0 for i n= …1 2, , , .

(2) PerformoneWeiszfelditerationobtaining  ′′X .
(3) Findthedemandpointkclosestto ′X .Thedistancesfrom ′X toalldemandpointsarecalculated

whenobtaining ′′X .Ifu
k
= 0 then

(a) Checkwhetherdemandpointkisoptimalbytheoptimalitycondition(20).
(b) Ifdemandpointkisoptimal,stopwithdemandpointkasthesolution.
(c) Otherwise,setu

k
= 1 .

(4) Calculate∆ = −′ ′′X X
2

,theEuclideandistancebetween ′X and ′′X .
(5) If∆ <  thenstopwith ′′X asthesolution.
(6) Calculate f F x y F x y

j j j
= + ∆ + ∆( )− ( )′′ ′′ ′′θ ψ, , '' forj=1,…,8.

(7) Calculatev A A A fT T= ( )−1
andderiveX x y= ( ), using(17)and(19)

(8) Set ′ ′′= +∆X X X andgotoStep2.

ReVISed WeIGHTed FUZZy C-MeANS – WeISZFeLd 
ALGORITHMS BASed HyBRId MeTHOd FOR UNCAPACITATed 
MULTI-FACILITy LOCATION PROBLeMS

Theproposedmethodintendstofindtheoptimallocationsoffacilitieswhichwillservetodemand
points,likewarehouseanddistributioncenters.Thegoalistominimizethetotaltransportationcost
fromthefacilitiestothedemandpoints.

Demandpointsareassumedtobeplacedonacontinuousplanewithcoordinates ��� ,a x yk
k k

= ( ) .
Foreachpoint,thedemandisasassignedastheweightofthepointandsymbolizedbyw

k
.The

transportation cost froma facility to a demandpoint is represented as thedistance between the
locationsofthesetwopointsforperquantityofdemand.Herethepositionsofthedemandpointsak 
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andvaluesofdemandquantities areknownbeforehand.Theproposedmethodassumes that the
capacityofeachfacilityisunlimitedasmentionedabove.

Themethodwillbeappliedinthefollowingsteps:
Step1: c ,thenumberofclusters,andinitialvaluesofclustercenters,herefacilities,areselectively
determined.
Step2: Aftercalculatingthemembershipvalues,thenewvaluesoftheclustercentersaredetermined
bytheRWFCMalgorithm.IterationsoftheRWFCMarerepeateduntiltransportationcostsremain
unchanged.
Step3: Foreachoftheclusters,thecentersarecalculatedbyusingselectedWeiszfeldAlgorithm.
Options are original Weiszfeld �λ =( )1 .Modified Weiszfeld λ =( )1 8. .and Fortified Weiszfeld
λ λ= =( )1 1 8, . .

Step4: Thedemandpointsareclassifiedagainbyusingnewclusterscenters.
Step5: Theobjectivefunctioniscalculatedandwhendifferencebetweenconsecutivevaluesisless
thanapredefinedcertainerrorvalue,theiterationstops.Otherwisegotostep3.

Whentheiterationscompleted,thefinalpositionsofclustercenterswillbedetermined,andeach
demandpointisallocatedtothenearestfacility.

Intheend,thetotalcostiscalculatedusingtheformulabelow:

TC w d C
k

n

i

c

k ik ik
=

= =
∑∑

1 1

 (21)

where;

TC:TotalCost
w
k
:Thedemandofk thdemandpoint.

d
ik

:TheEuclideandistancebetweenk thdemandpointand i thfacility.

C
ik

:Thetransportationcostbetweenk thdemandpointand i thfacilityforperunitandper
demandquantity.

eXPeRIMeNTAL STUdy

Thenewalgorithmisappliedtowell-knowndatasets,generallypreferredinclusteringbasedmulti-
facilitylocationstudies.Theauthors’purposeistoshowthatthismethodsolvestheuncapacitated
continuousmulti-facilitylocationproblemwithalowercostthanthebenchmarkalgorithms.

Forthispurpose,thedatasetsgivenbyEsnafandKüçükdeniz(2013)arechosentoshowthe
performanceoftheRWFCM&FortifiedWeiszfeldmethod.Inthispaper,particularlythesamedata
setswerechosentocomparetheresultswiththedevelopedhybridmethod.Thesedatasetsinclude
customernumber,XandYcoordinatesanddemandsofeachcustomer.Thedemandquantitiesare
constantforalliterationsofthealgorithm.

Benchmarkingmethodsarebrieflyexplainedasfollows:
Fuzzy C-Means Algorithm (FCM):Thisisanalgorithmforclusteringthedemandpointsusing

fuzzymembershipvalues.Dunn(1973)developedthealgorithmthenitisimprovedbyBezdek(1981).
FCM&COG Algorithm:ThisisahybridmethodthatusestheFCMalgorithmandCenterof

Gravitymethod.First,theFCMdeterminestheclustercentersandthenthecenterofgravitymethod,
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fine-tunestheclustercentersofFCM,tryingtominimizethetotalcost.ItisproposedbyEsnaf&
Küçükdeniz(2009).

Particle Swarm Optimization (PSO) method:ThePSOisdevelopedbyKennedyandEberhart
(1995)andimprovedwiththemodificationssuggestedbyMezura-MontesandCoelloCoello(2011).
InthisstudytheconditionsofthePSOisconsideredcompletelysameasinEsnafandKüçükdeniz
(2013).

Table1showsthetotalcostsofbenchmarkingmethods,RWFCM,andhybridmethods.Here
inthehybridmethods,itisusedWeiszfeldwithλ=1,ModifiedWeiszfeldwithλ=1.8andFortified
Weiszfeldwithλ=1andλ=1.8combinedwiththeRWFCM.

Toshowthecostperformanceinpercentagechangesthefollowingformulaisused:

∆ =
−








×

H M

H
� �100  (22)

whereH representstheobjectivefunctionvalue,i.e.transportationcost,generatedbybenchmark
methods(FCM,FCM&COG,PSOandRWFCM)foreachdataset,M isthetransportationcost
generatedbythenewhybridmethodsforthecorrespondingdataset.

Table2givesthepercentageofcostdifferencesofbenchmarkmethods,givenabove,withthe
proposedhybridmethodRWFCM&Weiszfeldusing �λ = 1 .

RWFCM&Weiszfeldusingλ=1is25.67%,11.55%,21.32%,17.4%,and1.9%betterthanFCM,
FCM&COG,PSOmean,PSOminimum,andRWFCM,respectively.

The followingTable3gives the comparisonsof the results obtainedwhen it is applied the
ModifiedWeiszfeldandFortifiedWeiszfeldalgorithmsinsteadofWeiszfeldalgorithmitselfinthe
hybridalgorithm.Itisclearthatforthesedatasets,thedifferencebetweenModifiedandFortified
algorithmsisminor.

Sincethedifferencesareminor,itisdifficulttocomparetheresultswhenusingModifiedor
FortifiedWeiszfeldalgorithms in thehybridmethod.TheauthorspreparedTable4 to show the
differencesbetweenthecostsofdifferentversionsoftheproposedmethodandtheRWFCMresultsin
numbers.Therefore,theauthorsgetslightlybutbetterresultsthanDrezner(1992)andDrezner(2015).

ThedifferencesbetweenthecostsoftheRWFCMandthedifferentversionsoftheRWFCM&
WeiszfeldmethodaregiveninTable4below.

Sincethevaluesdependonthenumberofthedataset,theeffectofmethodsmaybemoreclear
onpercentagevalues.ThefollowingTable5ispreparedforclarification.

RWFCM & Fortified Weiszfeld algorithm with 1.8 lambda value attains the highest cost
improvementratiowith2.043%.RWFCM&ModifiedWeiszfeldalgorithmfollowsthefirstwith
2.042%,usingthesamelambdavalue.Theresultsgivenaboveshowthatmorecostsavingscanbe
achievedbyusinghybridmethodswithhigherlambdavalues,hereis1.8.

CONCLUSION

ThispapersuggestsahybridsolutionconsistingoftwodifferentmethodsforMFLP.Thefirstmethod
istheRevisedWeightedFuzzyC-Meansandthesecondisagradient-basedWeiszfeldalgorithm.
Hybridizationdependsontheapplicationofthesealgorithmsconsecutively.Theresultsshowthat
whentheclassicalormodifiedversionsoftheWeiszfeldalgorithmrunafterRWFCMgivebetter
costfunctionvaluesformulti-facilitylocationproblems.

Fortheexperimentalstudy,themethodisappliedtothedatasetsusedbyEsnafandKüçükdeniz
(2013)tocomparewiththeresultsoftheRWFCMalgorithm.Thesearetendifferentdatasetswith
twenty-sixdifferentsettingsfromOsmanandChristofies(1994),Bongartzetal.(1994),Lorenaand
Pereira(2002)andTaillard(2003).
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TheresultsofthisnewmethodwerecomparedagainsttheRWFCM,FuzzyC-Means,Fuzzy
C-MeanswithCenterofGravity,ParticleSwarmOptimizationalgorithms.Newalgorithmgives
betterresultswithanaverage1.899%thantheRWFCM.ThebestimprovementisonBongartzdata
setwith20clusterswith4.28%value.Thelowestimprovementforthecostfunctionis0.571%inthe
25clustercentersCPmedcapand0.748%intheCPmedcapdatasetwith40clustercenters.

TheresultsofthebasicversionofthenewmethodcomparedwithFCM,FCM&COGandPSO
methods are remarkable as the RWFCM. Average values for improvement are 25.67%,11.55%,
22.255%,and21.32%(mean)withrespecttoFCM,FCM&COGandPSOmethodsconsecutively.

Table 1. The total costs of the FCM, FCM&COG, PSO and RWFCM methods are compared with the hybrid method RWFCM & 
Weiszfeld (λ=1), RWFCM & Modified Weiszfeld (λ=1.8) and RWFCM & Fortified Weiszfeld (λ=1, λ=1.8) algorithms

Datasets
Noof 

Demand 
Pts

=Noofclusters FCM FCM&COG PSO(Mean, 
Minimum) RWFCM

RWFCM & 
Weiszfeld 

(λ=1)

RWFCM 
& Modified 
Weiszfeld 
(λ=1.8)

RWFCM 
& Fortified 
Weiszfeld 

(λ=1)

Bongartz 287 10 13,632 9,373 8,510
7,882 7,627.66 7,488.59 7,488.59 7,488.59

Bongartz 287 20 11,163 6,652 6,356
5,878 4,622.84 4,424.98 4,424.93 4,424.97

SJC3a 300 25 1,896,044 1,590,720 1,698,809
1,589,846 1,435,737.81 1,403,309.56 1,403,309.56 1,403,309.56

SJC3a 300 40 1,463,476 1,175,349 1,384,343
1,344,344 1,035,707.47 1,010,510.26 1,010,510.75 1,010,510.43

SJC4a 402 25 2,848,104 2,520,080 2,727,118
2,617,243 2,374,352.00 2,339,707.29 2,339,698.20 2,339,706.09

SJC4a 402 40 2,387,161 1,977,533 2,337,425
2,180,875 1,840,615.86 1,792,436.56 1,792,436.26 1,792,436.45

SJC324 324 20 2,371,575 2,115,075 2,014,423
1,907,161 1,881,620.00 1,851,063.71 1,851,054.27 1,851,062.47

SJC324 324 40 1,582,704 1,250,084 1,447,463
1,384,221 1,163,306.29 1,137,948.95 1,137,947.33 1,137,948.75

SJC324 324 60 1,324,625 962,849 1,271,042
1,220,284 850,630.00 836,784,00 810,093.00 810,806.43

SJC500 500 20 5,027,370 4,827,415 4,571,051
4,422,492 4,269,917.30 4,177,700.42 4,177,698.87 4,177,700.37

SJC500 500 40 3,529,296 2,975,684 3,503,689
3,282,946 2,723,926.34 2,666,667.53 2,666,667.26 2,666,667.13

SJC500 500 60 2,918,302 2,400,974 3,118,047
2,984,051 2,091,680.61 2,043,055.44 2,043,052.09 2043055,226

SCJ708 708 20 6,920,864 6,599,399 6,606,900
6,338,001 6,017,948.00 5,952,604.78 5,952,604.78 5,952,604.78

SCJ708 708 40 5,042,815 4,226,576 4,993,834
4,874,041 3,998,800.65 3,935,825.20 3,935,810.24 3,935,823.22

SCJ708 708 60 3,983,870 3,331,938 4,315,360
4,078,910 2,989,036.00 2,934,786.96 2,934,584.14 2,934,483.99

SCJ818 818 20 9,867,565 8,733,462 9,103,742
8,893,566 7,624,484.86 7,533,597.20 7,533,597.20 7,533,597.20

SCJ818 818 40 6,293,308 5,543,320 6,828,894
6,523,902 5,250,380.22 5,136,107.75 5,136,094.41 5,136,106.95

SCJ818 818 60 5,358,010 4,147,632 5,877,620
5,565,993 3,873,383.00 3,797,735.30 3,797,470.25 3,797,428.96

CPmedcap2 1481 25 116,416 115,286 123,632
121,952 114,575.00 113,920.97 113,920.99 113,920.97

CPmedcap2 1481 40 89,777 88,913 98,147
95,700 88,556.55 87,894.16 87,894.16 87,894.16

Taillard 2863 25 968,287,764 748,719,913 852,102,000
780,562,000 656,694,127 645,895,203 645,894,892 645,895,185

Taillard 2863 50 637,134,339 497,671,334 642,804,992
602,791,270 452,711,742 443,107,998 443,107,275 443,107,922
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IntheproposedmethodtheWeiszfeld,Modified-WeiszfeldandFortified-Weiszfeldalgorithms
wereused.Theresultsofeachmethodslightlydifferedfromeachother.Whencomparedtotalcosts,

Table 2. The percentage of cost differences of benchmark methods, given above, with the proposed hybrid method RWFCM & 
Weiszfeld using � �1 .

DATA Number of 
Demand Pts

Number of 
clusters FCM FCM & COG PSO (Mean. 

Minimum) RWFCM

Bongartz 287 10 45.07% 20.11%
12.01%

1.82%
4.99%

Bongartz 287 20 60.36% 33.48%
30.38%

4.28%
24.72%

SJC3a 300 25 25.99% 11.78%
17.39%

2.26%
11.73%

SJC3a 300 40 30.95% 14.03%
27.01%

2.43%
24.83%

SJC4a 402 25 17.85% 7.16%
14.21%

1.46%
10.60%

SJC4a 402 40 24.91% 9.36%
23.32%

2.62%
17.81%

SJC324 324 20 21.95% 12.48%
8.11%

1.62%
2.94%

SJC324 324 40 28.10% 8.97%
21.38%

2.18%
17.79%

SJC324 324 60 36.83% 13.09%
34.17%

1.63%
31.43%

SJC500 500 20 16.90% 13.46%
8.61%

2.16%
5.54%

SJC500 500 40 24.44% 10.39%
23.89%

2.10%
18.77%

SJC500 500 60 29.99% 14.91%
34.48%

2.32%
31.53%

SCJ708 708 20 13.99% 9.80%
9.90%

1.09%
6.08%

SCJ708 708 40 21.95% 6.88%
21.19%

1.58%
19.25%

SCJ708 708 60 26.33% 11.92%
31.99%

1.82%
28.05%

SCJ818 818 20 23.65% 13.74%
17.25%

1.19%
15.29%

SCJ818 818 40 18.39% 7.35%
24.79%

2.18%
21.27%

SCJ818 818 60 29.12% 8.44%
35.39%

1.95%
31.77%

CPmedcap 1481 25 2.14% 1.18%
7.86%

0.58%
6.59%

CPmedcap 1481 40 2.10% 1.15%
10.47%

0.75%
8.16%

Taillard 2863 25 33.29% 13.73%
24.20%

1.64%
17.25%

Taillard 2863 50 30.46% 10.96%
31.07%

2.12%
26.49%

MeanValue 25.67% 11.55%
21.32%

1.90%
17.40%
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RWFCM&Weiszfeldalgorithm(λ=1),RWFCM&ModifiedWeiszfeldalgorithm(λ=1.8),RWFCM
&FortifiedWeiszfeldalgorithm(λ=1),andRWFCM&FortifiedWeiszfeldalgorithm(λ=1.8)are,
onaverage,1.899%,2.042%,2.038%,and2.043%betterthantheoriginalRWFCMrespectively.The
contributionofhybridmethodsathigherlambdavaluesismorethansmalllambdavalues.

TheresultsshowthathybridizationwithWeiszfeldalgorithmcanimprovetheresultsobtained
byanon-gradientbasedalgorithm.So,forthefutureresearch,itcanbefocusedonhybridization
withdifferentalgorithms.

ThemodifiedWeiszfeldalgorithmuseslambdawithavaluebetween1and2(Ostresh,1978).
Drezner(1992)suggests1.80asanoptimumvalue.Thisvaluecanbeexaminedindetailbyusing
meta-heuristicoptimizationmethodsthatacceleratethealgorithm.

Finally,withthismethod,thecapacitatedmulti-facilitylocationproblemscanbesolved.

Table 3. The total costs of the RWFCM and hybrid methods the RWFCM & Weiszfeld (λ=1), RWFCM & Modified Weiszfeld 
(λ=1.8), and RWFCM & Fortified Weiszfeld (λ=1, and λ=1.8) algorithms. (λ=1.8 is suggested by Drezner,1992 and bold values 
show the lowest costs)

DATA
No of 

Demand 
Pts

No of 
clusters RWFCM

RWFCM & 
Weiszfeld) 

(λ=1)

RWFCM 
& Modified 
Weiszfeld 
(λ=1,8)

RWFCM 
& Fortified 

Weiszfeld (λ=1)

RWFCM 
& Fortified 
Weiszfeld 
(λ=1,8)

Bongartz 287 10 7,627.6646 7,488.5927 7,488.5913 7,488.5913 7,488.5913

Bongartz 287 20 4,622.8436 4,424.9768 4,424.9298 4,424.9699 4,424.9292

SJC3a 300 25 1,435,737.8102 1,403,309.5616 1,403,309.5616 1,403,309.5616 1,403,309.5616

SJC3a 300 40 1,035,707.4684 1,010,510.2616 1,010,510.7522 1,010,510.4336 1,010,508.7346

SJC4a 402 25 2,374,352.00 2,339,707.2866 2,339,698.2010 2,339,706.0928 2,339,698.1215

SJC4a 402 40 1,840,615.86 1,792,436.5558 1,792,436.2624 1,792,436.4458 1,792,436.2575

SJC324 324 20 1,881,620.00 1,851,063.7147 1,851,054.2696 1,851,062.4741 1,851,054.1880

SJC324 324 40 1,163,306.29 1,137,948.9527 1,137,947.3265 1,137,948.7486 1,137,947.2428

SJC324 324 60 850,630.00 836,784.00 810,093.00 810,806.4273 810,033.5966

SJC500 500 20 4,269,917.30 4,177,700.4155 4,177,698.8724 4,177,700.3651 4,177,698.8704

SJC500 500 40 2,723,926.34 2,666,667.5252 2,666,667.2599 2,666,667.1335 2,666,655.2172

SJC500 500 60 2,091,680.61 2,043,055.4375 2,043,052.0925 2,043,055.2255 2,043,051.91

SCJ708 708 20 6,017,948.00 5,952,604.7847 5,952,604.7847 5,952,604.7848 5,952,604.7848

SCJ708 708 40 3,998,800.65 3,935,825.2001 3,935,810.2419 3,935,823.2190 3,935,810.2383

SCJ708 708 60 2,989,036.00 2,934,786.9623 2,934,584.1381 2,934,483.9863 2,934,477.8598

SCJ818 818 20 7,624,484.86 7,533,597.2013 7,533,597.2013 7,533,597.2016 7,533,597.2016

SCJ818 818 40 5,250,380.22 5,136,107.7487 5,136,094.4131 5,136,106.9498 5,136,094.3597

SCJ818 818 60 3,873,383.00 3,797,735.3049 3,797,470.2487 3,797,428.9593 3,797,428.8265

CPmedcap2 1481 25 114,575.00 113,920.9719 113,920.9900 113,920.9730 113,920.9907

CPmedcap2 1481 40 88,556.55 87,894.1588 87,894.1588 87,894.1588 87,894.1588

Taillard 2863 25 656,694,127 645,895,203 645,894,892 645,895,185 645,894,891

Taillard 2863 50 452,711,742 443,107,998 443,107,275 443,107,922 443,107,264
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Table 4. The differences between the costs of the RWFCM and the versions of the hybrid RWFCM & Weiszfeld method (bold 
values indicate the biggest cost differences)

DATA No of 
Demand Pts No of clusters

RWFCM & 
Weiszfeld 

(λ=1)

RWFCM 
& Modified 
Weiszfeld 
(λ=1.8)

RWFCM 
& Fortified 
Weiszfeld 

(λ=1)

RWFCM 
& Fortified 
Weiszfeld 
(λ=1.8)

Bongartz 287 10 139.0719 139.0733 139.0733 139.0733

Bongartz 287 20 197.8668 197.9138 197.8737 197.9144

SJC3a 300 25 32,428.2486 32,428.2486 32,428.2486 32,428.2486

SJC3a 300 40 25,197.2068 25,196.7162 25,197.0348 25,198.7338

SJC4a 402 25 34,644.7134 34,653.7990 34,645.9072 34,653.8785

SJC4a 402 40 48,179.3042 48,179.5976 48,179.4142 48,179.6025

SJC324 324 20 30,556.2853 30,565.7304 30,557.5259 30,565.8120

SJC324 324 40 25,357.3373 25,358.9635 25,357.5414 25,359.0472

SJC324 324 60 13,846.0000 40,537.0000 39,823.5727 40,596.4034

SJC500 500 20 92,216.8845 92,218.4276 92,216.9349 92,218.4296

SJC500 500 40 57,258.8148 57,259.0801 57,259.2065 57,271.1228

SJC500 500 60 48,625.1725 48,628.5175 48,625.3845 48,628.7000

SCJ708 708 20 65,343.2153 65,343.2153 65,343.2152 65,343.2152

SCJ708 708 40 62,975.4499 62,990.4081 62,977.4310 62,990.4117

SCJ708 708 60 54,249.0377 54,451.8619 54,552.0137 54,558.1402

SCJ818 818 20 90,887.6587 90,887.6587 90,887.6584 90,887.6584

SCJ818 818 40 114,272.4713 114,285.8069 114,273.2702 114,285.8603

SCJ818 818 60 75,647.6951 75,912.7513 75,954.0407 75,954.1735

CPmedcap2 1481 25 654.0281 654.0100 654.0270 654.0093

CPmedcap2 1481 40 662.3912 662.3912 662.3912 662.3912

Taillard 2863 25 10,798,924 10,799,235 10,798,942 10,799,236

Taillard 2863 50 9,603,744 9,604,467 9,603,740 9,604,466
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Table 5. The percentages of performance of the methods in Table 4 with respect to the RWFCM

DATA No of 
Demand 
Pts

No of 
clusters

RWFCM RWFCM& 
Weiszfeld  

λ =( )1
RWFCM& 
Modified Weiszfeld 

λ =( )1 8.

RWFCM& 
Fortified Weiszfeld 

λ =( )1
RWFCM& Fortified 
Weiszfeld 

λ =( )1 8,

Bongartz 287 10 7,627.6646 1.823% 1.823% 1.823% 1.823%

Bongartz 287 20 4,622.8436 4.280% 4.281% 4.280% 4.281%

SJC3a 300 25 1,435,737.8102 2.259% 2.259% 2.259% 2.259%

SJC3a 300 40 1,035,707.4684 2.433% 2.433% 2.433% 2.433%

SJC4a 402 25 2,374,352.00 1.459% 1.46% 1.459% 1.46%

SJC4a 402 40 1,840,615.86 2.618% 2.618% 2.618% 2.618%

SJC324 324 20 1,881,620.00 1.624% 1.624% 1.624% 1.624%

SJC324 324 40 1,163,306.29 2.18% 2.18% 2.18% 2.18%

SJC324 324 60 850,630.00 1.628% 4.766% 4.682% 4.773%

SJC500 500 20 4,269,917.30 2.16% 2.16% 2.16% 2.16%

SJC500 500 40 2,723,926.34 2.102% 2.102% 2.102% 2.103%

SJC500 500 60 2,091,680.61 2.325% 2.325% 2.325% 2.325%

SCJ708 708 20 6,017,948.00 1.086% 1.086% 1.086% 1.086%

SCJ708 708 40 3,998,800.65 1.575% 1.575% 1.575% 1.575%

SCJ708 708 60 2,989,036.00 1.815% 1.822% 1.825% 1.825%

SCJ818 818 20 7,624,484.86 1.192% 1.192% 1.192% 1.192%

SCJ818 818 40 5,250,380.22 2.176% 2.177% 2.176% 2.177%

SCJ818 818 60 3,873,383.00 1.953% 1.96% 1.961% 1.961%

CPmedcap2 1481 25 114,575.00 0.571% 0.571% 0.571% 0.571%

CPmedcap2 1481 40 88,556.55 0.748% 0.748% 0.748% 0.748%

Taillard 2863 25 656,694,127 1.644% 1.644% 1.644% 1.644%

Taillard 2863 50 452,711,742 2.121% 2.122% 2.121% 2.122%

AVERAGE:       1.899% 2.042% 2.038% 2.043%
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