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ABSTRACT

In power systems dynamics and control literature, theoretical and practical aspects of the wind
turbine-generator system have received considerable attentions. The evolution equation of the
inductionmachineencompassesasystemofthreefirst-orderdifferentialequationscoupledwithtwo
algebraicequations.Afteraccountingforstochasticityinthewindspeed,thewindturbine-generator
systembecomesastochasticsystem.That isdescribedby thestandardandformal Itôstochastic
differentialequation.NotethattheItôprocessisastrongMarkovprocess.TheItôstochasticityof
thewindspeedisattributedtotheMarkovmodelingofatmosphericturbulence.Thearticleutilizes
theFokker-Planckmethod,amathematicalstochasticmethod,toanalysethenoise-influencedwind
turbine-generatorsystembydoingthefollowing:(i)theauthorsdeveloptheFokker-Planckmodel
forthestochasticpowersystemproblemconsideredhere;(ii)theFokker-Planckoperatorcoupled
withtheKolmogorovbackwardoperatorareexploitedtoaccomplishthenoiseanalysisfromthe
estimation-theoreticviewpoint.
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1. INTRoDUCTIoN

Thewindenergyhasbecomeoneofthepopularrenewablesourcesforthegenerationoftheelectrical
power.Threedifferent configurations arepopular in thewindpower conversion technology, the
fixedspeedwindturbine-generatorsystem,thelimitedvariablespeedwindturbine-generatorsystem
andvariablespeedwindturbine-generatorsystem.Themaincomponentsofthefixedspeedwind
turbine-generatorsystemarewindturbine,gearboxes,squirrelcageinductiongenerator,capacitor.
Thatareconnectedtothegridthroughthetransformer.Thisconfigurationallowsthemachinetorun
attheconstantspeedaswellasprovidesstablefrequency.Secondly,thelimitedvariablespeedwind
turbine-generatorsystemutilizesthewoundrotorinductiongeneratorinplaceofthesquirrelcage.
Thisstructureutilizesapowerelectronicconverter.Thirdly,thevariablespeedwindturbine-generator
systemaccountsforthedoubly-fedinductiongeneratorwithapowerelectronicconverter(LiandChen,
2008).Here,someimportantdynamicalequationsforthewindturbine-generatorsystemaredescribed.
FuandXing(2009)havedevelopedafour-dimensionalSquirrelCageInductionGenerator(SCIG)
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model.Subsequently,areduced-ordermodelwasdevelopedusingsingularperturbationmethod.The
singularperturbationmethodhingesontheelectricalengineeringassumptionthatstatortransients
arefasterthanrotortransients.Thus,theevolutionsofstatortransientsarenotaccountedforandthe
evolutionsofrotortransientsareaccountedfor.TahaHussienetal.(2017)havedevelopedmodeling
ofthreephaseinductionmotorandexplainstatorturnsfaultanalysisbasedonartificialintelligence.
Salimaetal.(2018)havedevelopedaGlobalstabilityoflinearizingcontrolofinductionmotorfor
PVwaterpumpingapplication.TostudythecontrolsystemdesignusingMatlabsee(Moysisetal.
2017).Gabhietal.(2018)havedevelopeddiscreteslidingmodecontrolschemefornonlinearsystems
withboundeduncertaintiesandAlainetal.(2017)havedevelopedimprovedrobustadaptivecontrol
strategyforthefinitetimesynchronizationofuncertainnonlinearsystems.Feijóoetal.(2000)have
consideredathird-orderdeterministicequationthatexplainsmodellingoftherotortransientvoltages
behindthetransientimpedance.Balanathanetal.(2002)havedevelopedadynamicloadmodel.That
hasabilitytoanalysethetransientandsteadystatestabilitiesoftheinductionmotor.Tostudythe
influenceofthewindpowerdynamicsonthelargeelectricalpowersystemsdynamicsandcontrol,
Slootwegetal.(2003)arguetheadditionofwindturbine-generatingsystems’modelsinsoftware
packages,especiallyfornumericalexperimentations.Inthisconnection,especiallyfornumerical
experimentationsofwindturbinemodels,twoarticles,i.e.Sorensenetal.(2002)andNichitaetal.
(2002),wouldbealsouseful.Dusonchetetal.(2007)haveinvestigatedtheinfluenceofwindturbine
mechanicalcharacteristics.Thetransientvoltagestabilityofthefixedspeedwindturbine-generator
systemswerestudiedaswell.Intheirinvestigation,thefifth-andthethird-ordermodelswerethe
subjectofinvestigations.Generally,thethird-ordermodelisaspecialcaseofthefifth-ordermodel.
Thethird-orderdoesnotaccountforstatortransientsintoconsiderations,seePopovićetal.(1998)
andLedesmaetal.(2003).Furthermore,Martinsetal.(2007)havevalidatedthefifth-andthird-
ordermodelswithmeasureddata,whicharerarelyreportedinliterature.Theprecedingintroductory
descriptionsofthispapersuggestthattheproblemofanalysingthewindturbine-generatorsystem
fromthedynamicalsystems’viewpointreceivedconsiderableattentioninliterature.Underthewind
turbulenceinfluence,itisreasonabletoaccountforthestochasticcharacterofthewindspeedfor
thewindturbine-generatorsysteminlieuofthedeterministicformalism.Agooddiscussionabout
thewindturbine-generatorsystemunderstochasticinfluencecanbefoundinbriefresearchwriting,
butacompellingpaper instochastic sense (WangandCrow2012).Thestochasticallyperturbed
dynamicalsysteminvolvesinvestigationsintovectorStochasticDifferentialEquations(SDEs)inlieu
ofOrdinaryDifferentialEquations(ODEs).Thisseemstobeoneofthereasonsthatthenotionof
stochasticprocessesisrelativelyverylessintroducedinto‘powersystemsdynamics’literatureyet.

Thispaper isaimed toaccount for the stochasticevolutionof thewindspeed in lieuof the
deterministicfor thewindturbine-generatorsystem.Thispaper is inspiredfromthefact that the
systemsandcontrolmethodsunderstochasticconsiderationscontributetothegreateraccuracyand
refinements(Mumford2000)inavailableresults,seeSinai(1981).Here,asuccinctdiscussionthat
theItôstochasticityisimperativeforthewindturbine-generatorsystem.Theturbulentatmospheric
flowsinfluencesthewindspeedoperation,theresponsetimeofwindturbinesistypicallyintherange
ofseconds.Thus,theyaresubjectedtosmallscaleturbulence.TheFokker-Planckanalysisforsmall
scaleturbulenceagreewithexperimentalcorroborations(Renneretal.2001).Fromthetheoryof
stochasticprocesses,theFokker-PlanckequationisaconsequenceoftheItôstochasticdifferential
equation.Thus, thequalitativecharacteristicsofatmospheric turbulenceareembeddedin theItô
stochasticcorrectiontermofthewindspeedevolutionequation.Themajoringredientofthispaper,
whichisutilizedtodevelopthetheoryofthispaper,istheFokker-Planckequation.TheFokker-Planck
equation is an influential result in the theory of stochastic processes and stochastic differential
equations.Theequationistheevolutionofconditionalprobabilitydensityforagiveninitialstatefor
aMarkovianstatevector.InWangandCrow(2012),the‘reduced-order’Fokker-Planckequationfor
thetwo-dimensionalstatecomprisingtheslipandwindspeed,wasthesubjectofinvestigations.In
theiranalysis,thenumericalexperimentationforthereducedFokker-Planckequationwasaccomplished
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underavarietyofconditions.InWangandCrow(2012),numericalsimulationsforthestochastic
windturbinesystemwereachievedintheconditionalprobabilitysense.IncontrasttoWangandCrow
(2012),theestimationofthewindturbine-generatorsystemforthefirsttimeusingtheItôstochastic
interpretationandFokker-Planckequationareachieved.Itisimportanttonotethatthestochastic
evolution of the conditional expectation of the scalar function is the cornerstone formalism of
estimationtheoryandstochasticprocesses.Notably,theFokker-Planckequationforthewindturbine-
generatorsysteminvolvingthefour-dimensionalstatevectorarerevisited.Thefourdimensionalstate
vectorhasthefollowingcomponents:thewindspeed,slip,twovoltagesbehindtransientimpedance
in d q−  reference frame. Furthermore, the Fokker-Planck model of the stochastic problem of
concerned here is utilized to accomplish the noise analysis of the stochastic problem from the
estimation-theoreticviewpoint.Thispaperisthefirstpaperinthesensethatthispaperintroduces
thenotionoftheFokker-Planckequationintopowersystemsdynamicsinagreaterdetail.

2. THE WIND TURBINE GENERAToR SToCHASTIC 
DyNAMICS AND ITS FoKKER-PLANCK EQUATIoN

Theinductionmachinetransientdynamicsisdescribedbyasystemofthreefirst-orderdifferential
equationscoupledwithtwoalgebraicequations.Furthermore,thewindturbine-generatordynamics
accountsforthewindspeedasastatevariable.Moreprecisely,thewindturbine-generatorsystem
becomesamulti-dimensionaldynamicalsystem,wherethedimensionofthestatevectorbecomes
four.Inthestochasticframework,thewindturbine-generatorsystembecomesamulti-dimensional
stochasticdifferentialsystem.Thestochasticityisattributedtoconsideringthewindspeedasarandom
variable.Thedimensionofthestatevector,whichdescribesthefixedspeedwindturbine-generator
systemdynamics,isfour.Forthesakeofclarity,aschematicdiagramofawindturbinegenerator
systemisillustratedinasimple,butarevealingFigure1.

AgreaterdetailaboutthedeterministicdynamicscanbefoundinKundur(1994)andWuetal.
(2011).Theprocedureislengthyaswellasthispaperisnotaimedtorevisitthedeterministicdynamics
ofthewindturbine-generatorsystem.Statedirectlythewindturbine-generatordeterministicdynamics.
MakingtheuseofgeneraltheoryofInductionMachinesind q− referenceframe,electromagnetic
inductionprinciple,wearriveatthefollowingsystemofdynamicalequationsofthewindturbine-
generatorsystem:

Figure 1. A wind turbine-generator system
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Notethatthedotsignassociatedwiththeabovesetofequationsdenotesthetimederivative.The
windturbine-generatorsystemisdescribedbyafour-dimensionalstatevectorandinvolvesalarger
number of system parameters. Here, we explain succinctly the notational machinery of system
parametersofthedynamicalsystemconsideredhere.Theterms v s e e

t d q
, , ,′ ′ denotethewindspeed,

slipandd - axisvoltagebehindtransientimpedanceandq - axisvoltagebehindtransientimpedance
respectively.TheinductionmachinecircuitparametersL L

s r
, denotethestatorandrotorinductances

respectively.Similarly,thecircuitparametersR R L
s r m dr qr
, , , ,φ φ arestatorresistance,rotorresistance,

mutualinductance,d − axisrotorfluxlinkageand,q −axisrotorfluxlinkagetheinductionmachine
respectively.

Furthermore,thesystemparametersvector( , , , ( , ), ,s C R J
s p tot
ω ρ λ θ )T denotesslip,synchronous

speed,airdensity,powercoefficient,turbineradius,andsystemmomentofinertiarespectively:

C c
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ThenotationC
p
( , )λ θ denotesperformancecoefficientorpowercoefficient λ isatipspeed

ratio,theratiobetweenthebladetipspeedandwindspeed,θ isapitchangleindegree.SeeSlootweg
etal.(2003)foragreaterdetail.NotethatEquations(1a)-(1i)constituteEquation(1).

Here,weexplainhowtheatmosphericturbulenceintroducesfluctuationsintothewindspeed.
TherelativemotionoffluidparticlesundertheinfluenceofturbulencecanbedescribedasStochastic
DifferentialEquations(SDEs),seetheSDEofPedrizzettiandNovikov(1994).Theatmospheric
turbulenceintroducesstochasticityintothewindspeed,generatorrotoraswellasthewindenergy
poweroutput(Milanetal.2013,Wächteretal.2012).SeeMückeetal.(2015),Karlsen(2006,p.8),
FriedrichandPeinke(1997)andWangandCrow(2012,p.2)aswell.Thatsuggeststochasticmodels
are imperativefor thewind turbine-generatorsystem.Friedrichetal. (2011)discussedabout the
choiceofstochasticprocessestomodelthequalitativecharacteristicsofcomplexsystemsarising
fromdiversefields.TheMarkovprocesshasprovenusefultomodelsmallscaleturbulence(Renner
etal.2001,PedrizzettiandNovikov1994).Analyticalsolutionaswellasnumericalsimulationstothe
Fokker-Planckequationforsmallscaleturbulenceagreewithexperimentalcorroborations(Renneret
al.2001).ANKolmogorovconstructedthethird-orderstatisticsforsmallscaleturbulencethathinges
ontheNavier-Stokes’equation(Kolmogorov1941),seeKolmogorov(1962)aswell.Windturbines
operateundertheinfluenceoftheturbulentatmosphericflowsandtheresponsetimeofwindturbines
istypicallyintherangeofseconds,thus,theyaresubjectedtosmallscaleturbulence.Small-scale
homogeneousisotropicturbulencehasanimportantimpactonthewindenergyconversionprocess
(Wächteret al.2012).Secondly,numerical aswell asactual experimentationsare the indicative
ofMarkovprocessestomodelsmallscaleturbulence.Forthesetworeasons,anon-linearMarkov
processtomodelstochasticityinthewindspeedisadopted,i.e.:

dv
v

v dt dB
t

t
t t

= − +β
σ

γσ β( )
2

2 

wheretheterms v
t
andB

t
denotethewindspeedandtheBrownianmotion.Notethatthewind

speedv
t
isanon-linearMarkovprocessfortworeasons.(i)theabovestochasticdifferentialequation

describesanon-linearsystem,whichisdrivenbyaBrownianmotionandinitialdatum.Arevealing
andanalternativestructureofthesquareofthestochasticwindspeed v

t
satisfiesthefollowingSDE:
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TheequationisaconsequenceofItôstochasticdifferentialrules,i.e.:
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Theequationisanon-linearItôstochasticdifferentialequation,wherenon-linearityisattributed
tothecouplingterm y dB

t t
, y v

t t
= 2. Theoutputisastatevariablewindspeed.(ii)Theabove

stochasticdifferentialequationisanItôstochasticdifferentialequationandtheItôprocessisalways
Markovprocess.Forthiscase,thewindspeedisanItôprocessandbecomesthenon-linearMarkov
process.SinceformulationhingesontheMarkovprocessandtheFokker-Planckequation,results
holdforstochasticityofthewindturbine-generatorsystemattributedtothesmallscaleturbulence.
Afterconsideringthestochasticcorrectionterminthewindspeed(WangandCrow2012),Equations
(1a)-(1d)canbefurtherrecastinaformalnon-linearMarkovianstochasticsettingas:
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Notethattheterm v
t
ofEquation(2a)isaRayleighprocessinthemathematicalframework.

Thetermv
t
isthewindspeedinthecontextofengineeringsystemsaswell.Aconnectionbetween

theRayleighprocessandwindspeedisnicelyexplainedinWangandCrow(2012).Sincethispaper
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ischieflyintendedtoanalysethestochasticsystemconcernhereintheFokker-Plancksetting,further
discussionsonEquation(2)areomittedofthepaper.Notethatatheoreticalinterpretationofthe
white noise process is the Itô setting. In the Itô setting, the term dB w dt

t t
=  is the subject of

investigations(Kuo2005,Kunita2010).
TheItôSDEisaconvenientformforstochasticcontrolproblems(Jazwinski1970,Kushner1967).

Thestochasticcontrolperspectiveofdynamicsystemsencompassesthefollowing:(i)estimations
(ii)stochasticstability(iii)controlalgorithms.

The term w
t

 is awhitenoiseprocessand the term B
t
 denotes theBrownianprocess.The

Fokker-Planckequationisthecornerstoneformalismtoanalysethestochasticityofthewind-turbine
generatorsystemofthispaper.TheFokker-Planckequationisaparaboliclinearhomogeneousequation
of order two in partial differentiation for the transition probability density of the Itô stochastic
differentialequation.Thisrevealsaconnectionbetweenstochasticdifferentialequationsandpartial
differentialequations.TheFokker-Planckoperator,alternativelyknownastheKolmogorov-Fokker-
Planckoperator,isalinearoperator.Theabovesetofscalardynamicalequationscanberecastasthe
vectorItôstochasticdifferentialequation.Thus,theequationsbecome(Jazwinski1970):
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t
( , ) andG x t

t
( , ) arethesystemnon-linearityandthedispersionmatrixofthe

stochasticdifferentialequationrespectively.Notethatthenotation x x x x
T

1 2 3 4
, , ,( ) willbeutilized

forthestatevectorofthestochasticsystemconsideredherethroughoutthepaperinlieuofthenotation
( , , , ) .v s e e
t d q

T′ ′ More importantly,Equation (3)describes thewind turbine-generator ItôSDE, the
cornerstoneformalismofthispaper.Here,thedimensionalityandnon-linearityofthewindturbine-
generatorstochasticsystemareexplained.Forlinearsystems,thestateandsystemparameterscan
bedecoupledthatleadtotherelation f x t A x

t t t
( , ) .= Moreprecisely,forlinearcases,thematrix-

vectorformatarises,ontheotherhand,thevectorinterpretationholdsfornon-linearity.Sincethe
stochasticsystemofthepaperisnon-linear,thestateandsystemparameterscannotbedecoupled,
thesystemnon-linearitywillhavevectorformatinlieuofthematrix,i.e. f x t f x t

t i t i
( , ) ( ( , ))= ≤ ≤1 4

.
Secondly,therandominputassociatedwiththestochasticsystemisscalar,theprocessnoisecoefficient
isavector,i.e.G x t G t

t i i n
( , ) ( ( ))

,
= ≤ ≤ ≤ ≤ϕ ϕ1 1 1

= ≤ ≤( ( )) ,G t
i i n1

inplaceofthematrixformat.Equation
(3)canbetreatedasanadvancedandarefinedsystemofdynamicalequationsincontrasttothe
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deterministic setting. Equation (3) describes a non-linear Itô SDE. Other ‘setting’ of stochastic
differentialsystemsistheStratonovich.Interestingly,thestructureofEquation(2)remainsinvariant
underthebothsettings,sincethestochasticityassociatedisthestate-independent,seethelastterm
ofEquation(2a)ofthepaper.Thenon-linearityinthesystemdynamicsconsideredhereisattributed
toanon-linearevolutionstatedinEquation(2b).Thestochasticityisattributedtotherandomforcing
termassociatedwiththewindspeedevolutionequation,seeEquation(2a).OnecanarriveatEquation
(2)usingtheelectromagneticinductionprincipleofelectricalmachinery,theconceptsofstochastic
processes.Somesimplificationsarecoupledwithassumptionsthatstatortransientsareignoredand
therotorcircuitisshortcircuited.Thesystemofstochasticdifferentialequationsutilizesthenotion
ofd q− referenceframe,wherethebothaxesareorthogonaltoeachother.Onecanarriveatthe
windturbine-generatorsystemdynamicsusingtheconceptofLagrangianmechanicsaswell.The
procedureinvolveswritingdowntheLagrangianofthedynamicalsystemandsubsequently,wewrite
downtheEuler-Lagrangeequation.Here,wewillnotdelveintoLagrangianmechanicsinthecontext
ofthewindturbine-generatorsystem.AbriefdiscussionabouttheLagrangianformulationinthe
contextofelectricalmachinescanbefoundinPinteaetal.(2011),Greetsetal.(2005).

It is important to note that after considering stator transient dynamics, we are led to a six-
dimensionalrandomstatevector.Thatintroducesthedimensionalformidablecomplexity.Thefour-
dimensionalsystemofdynamicalequationshasprovenusefulinliteratureforthesakeofsimplified
analysis,e.g.WangandCrow(2012).Thus,Equation(3)wouldbethesubjectofinvestigationsin
thispaper(seeFigure2).

Thestructureofthewindturbine-generatorsystemstatedinEquation(3)remainsinvariantin
differentconfigurationsofthewindturbine-generatorsystem.Importantly,theadditionalcorrection
termattributedtotherotorvoltageisaccountedforinvariablespeedmachines,seeFeijóoetal.(2000).
Ontheotherhand,therotorvoltagevanishesforfixedspeedmachines.Secondly,thedimensionof
thestatevectorwillbesameinfixedandvariablespeedmachines.

TheFokker-Planckequation,aparaboliclinearhomogeneousequation,isasystemsandcontrol
method in the theoryofstochasticcontrol.Foragoodaccessabout theFokker-Planckequation,
seeBierbaumetal.(2002),Risken(1984),Sharma(2008),andChowetal.(2007).Afterapplying
‘theKolmogorov-Fokker-PlanckequationforMarkovprocesses(KaratzasandShreve1988)tothe
randomlyperturbedsystemofthepaper,weget:
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Figure 2. A wind turbine generator system SDE diagram
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L(.). TheKolmogorovbackwardoperator ′L (.) becomes:

′ =
∂
∂
+

∂
∂ ∂∑ ∑L f

x
GG x t

x xi
ii

T
ij

i ji j

(.)
(.)

( ) ( , )
(.)

,

1

2

2



= −
∂
∂
+β

σ
( )

(.)2

1
1

1
x

x
x

1

12
2 2J

P
P

x x
tot s

e
m

ω
( )

(.)
−
−

∂
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+ −
′
+ − ′( ( ( ) ))x x

T
x X X i

s s s qs2 4
0

3

1
ω

∂
∂x
3

(.) 

+ − −
′
− − ′( ( ( ) ))x x

T
x X X i

s s s ds2 3
0

4

1
ω

∂
∂x
4

(.) 

+
∂

∂
βγ σ2 2

2

1
2

(.)

x
 (5b)

Making the use of the Kolmogorov-Fokker-Planck operator of Equation (5a), Kolmogorov
backwardoperator,Equation(5b),andthedefinitionoftheevolutionoftheconditionalexpectation
ofthescalarfunctionofthestatex

t
, wearriveatexactevolutionsofconditionalmeanandvariance.

Supposethevectorsystemnon-linearity f x t
t
,( ) ,andthediffusioncoefficientmatrixGG x tT

t
( , ) 

areboundedcontinuous.Consider thevectorsystemnon-linearityhasboundedcontinuoustriple
derivatives.ThediffusioncoefficientmatrixGG x tT

t
( , ) hasboundedcontinuousdoublederivatives.

Thefollowingconditionalmeanandvarianceevolutionequationswillbeusefulforthenoiseanalysis
ofthenon-linearwindturbine-generatorsystemofthispaper:

d x t f x t P
f x t

x x
dt

i i t pq
p q

i t

p q

( ) ( ( , )
( , )

)
,

= +
∂

∂ ∂
∑1
2

2

 (6a)

dP
ij
= (

( , )
P
f x t

x
ip

j t

pp

∂

∂
∑ +

∂

∂
∑P

f x t

x
jp

i t

pp

( , )


+
∂

∂ ∂ ∂
∑1
2

3

P P
f x t

x x x
ip qr

j t

p q rp q r

( , )

, ,

+
∂

∂ ∂ ∂
∑1
2

3

P P
f x t

x x x
jp qr

i t

p q rp q r

( , )

, ,



+( ) ( , )GG x tT
ij t

+
∂

∂ ∂
∑1
2

2

P
GG x t

x x
dt

pq

T
ij t

p qp q

( ) ( , )
)

,

 (6b)

where the state x x t
t i
= ( )( )  and the vector system non-linearity f x t f x t

t i t
( , ) ( , )= ( )  and

x E x t x t
i i t
= ( ( ) , ),

0 0
P x x x x
ij i i j j
= − −( )( ) .Thenotation ' ' denotestheactionofthe

conditionalexpectationoperatorE onrandomvariables.Fordeterministicinitialstates,theoperator
E becomestheexpectationinlieuoftheconditionalexpectation.

Aproofoftheexactestimationequationsandaspecialcaseoftheexactestimationequations,
Equations (6a)-(6b), is explained in the Appendix. Equations (6a)-(6b) are available in recently
publishedpapersaswell,seeSharma(2008)andEquations(1)-(2)ofPatelandSharma(2014).The
mainintendtoanalysethemultidimensionalstochasticsystemconsideredhereintheFokker-Planck
settinginlieuoffilteringframework.TheFokker-Plancksettingisusefulforthenoiseanalysisof
stochasticsystemswith‘valueless’observations.Ontheotherhand,thefilteringframeworkisuseful
forthenoiseanalysisofstochasticsystemswith‘useful’observations.
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Note that Equation (6) comprises Equations (6a)-(6b). The system of equations, Equations
(6a)-(6b),hasabilitytoaccountforthecontributionsoflinearterms,squarenon-linearityaswellas
third-ordernon-linearitycompletely.Thatpreservessomeofthequalitativecharacteristicsoffurther
higher-ordernon-linearities.

AftercombiningEquations(3)and(6),wegetthefollowingsetofcoupledconditionalmoment
evolutionequations.Theconditionalmeanevolutiond x

t
andthevarianceevolutionsdP

t
, forthe

stochasticproblemofconcernhere,are:

d x A x P dt
t t t
= ( , )  (7a)

dP B x P dt
t t t
= ( , )  (7b)

where:

A x P A x P
t t i t t i
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ThediagonalelementsofthematrixB x P
t t

( , ) ofEquation(7b)arethefollowing:
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It is important to note that the terms i i v v P P
ds qs ds qs e m
, , , , ,  are the system parameters of the

stochasticsystemofthispaper.Thesystemparametervector( , , , , , )i i v v P P
ds qs ds qs e m

T canbeestimated
usingthealgebraicEquations,(1e)-(1h),actionoftheexpectationoperatoronrandomvariablesas
wellasTaylorexpansionsofnon-linearfunctionswithGaussianassumptions.Notethattheexpectation
operatorisalinearoperator.Asaresultofthese,wegetthefollowingsystemofparameterestimation
equations:

′ = = − + ′ +e x R i X i v
d s ds s qs ds3

 (8a)

′ = = −e x R i
q s qs4

− ′ +X i v
s ds qs

 (8b)

P x i x i
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3 4
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+ + ′ − −R i X i i v i P
s qs s ds qs qs qs x iqs

2

4


= − −R i v i P
s ds ds ds x ids
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− −v i P
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P R C x
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1
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ρπ λ θ( , ) ≈ +

1

2
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1

3

11 1
ρπ λ θR C x P x

p
( , )( )  (8d)

Notethatnotationsmustbecarefullychosenformulti-dimensionalsystems.Theelectricaland
mechanicalpowertermsP P

e m
, aredifferentfromthevariancetermnotationsP

x ids3
andP

x iqs4
,where

P
x ids3
= −x i x i

ds ds3 3
,P
x iqs4
= −x i x i

qs qs4 4
.Equations(7a)and(7b)incombinationwith

Equations(8a)-(8d)aretheestimationresultsofthepaper,whicharenotavailableinliterature.That
canbeutilizedforthestatetrajectoryestimationofthestochasticsystemofthepaper.Moreprecisely,
thispapercanbetreatedasanapplicationofanappealingnon-linearstochasticmethodtoanappealing
stochastic system with random input signal. For understanding analysis of non-linear stochastic
differentialsystemsinvolvingstochasticityininputsignalsaswellassystemparameters,KuandLin
(1971)willbealsouseful.

Remark 1: Importantly, thewindgeneratorpoweroutput isastochasticpowersignal.Here,we
explainanapproachofWächteretal.(2012),whichexploitsastochasticmodelfortheevolution
ofthewindgeneratorpoweroutputintheLangevinsetting.Thestochasticpowerevolutionfor
thefixedwindspeedis:

dP

dt
D P v D P vt

t t t t t
= +1 2( , ) ( , )Γ 

whereP
t

isastochasticprocess,D P v
t t

1( , ) isadrifttermofthestochasticdifferentialequationand
D P v

t t
2( , ) isthediffusioncoefficient.Thisremarkexplainsbrieflytherelationofthewindspeed

stochasticmodeltothestochasticpowersignalintheconditionalexpectationsense.Theabovecan
berecastintheItôframeworkKunita(2010),i.e.:

dP D P v dt D P v dt
t t t t t t
= +1 2( , ) ( , )Γ = +D P v dt D P v dB

t t t t t
1 2( , ) ( , ) 

TheFokker-Planckequationfortheabovestochasticwindpowerevolutionforthescalarcase
becomes:

∂

∂
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+
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where the term p P v
t t
( )  isaconditionalprobabilitydensityof the stochasticpower foragiven

stochastic wind speed. The above Fokker-Planck equation is a convenient form to estimate the
stochasticwindpower.Itisworthtonotethattheaboverelationholdsundertheconditionthatthe
stochasticpowerobeystheevolutionequationstatedinWächteretal.(2012)forgivenwindspeed,
wherethewindspeedSDEobeysEquation(2a)ofthisdiscussion.

Remark 2:Analternativemathematicalapproachtoachievetheestimationofthestochasticwind
turbine-generator system is multi-dimensional Itô differential rules. Multi-dimensional Itô
differential rules do not involve the notion of conditional probability density. Action of the
conditionalexpectationoperatoronthestochasticevolutionofthescalarfunctionofthestate
vectorleadstotheconditionalmoment.Insystemtheory,thescalarfunctionhasinterpretationas
theenergyfunction,Lyapunovfunction.Ontheotherhand,Fokker-Planckmethodsencompass
thenotionofconditionalprobabilitydensity,conditionalexpectationandconditionalmoment
evolutionequation.Thus,theFokker-Planckapproachofthispaperisrevealinggreaterinsights
intothestochasticsystem.

3. NUMERICAL SIMULATIoNS

Here, we simulate the stochastic dynamics of the wind turbine-generator system by exploiting
Equations(1a)-(1h)ofthepaper.Thatassumethestructureofavectorstochasticdifferentialequation.
Subsequently,therandomstatetrajectoriesarecomparedwiththeunperturbedstatetrajectoriesof
the stochastic systemconsideredhere.Todemonstrate thedifferencebetween the trajectoriesof
randomstateandunperturbedstate,weexploittwodifferentsetsofinitialdataandsystemparameters.
Notably,thefirstsetofnumericalsimulationdataisutilizedfornumericalexperimentationsfora
relativelylowpowerratingmachine.Ontheotherhand,thesecondsetofdataisintendedfornumerical
experimentations for a larger power rating machine. Furthermore, the strength of stochastic
perturbationsissameinthebothsetsofdata.Thiscriterionisadoptedforthenumericalexperimentation
torevealthestochasticinfluenceonlowerandlargerpowerratingmachines.Sincethenoise-influenced
windturbine-generatorsysteminvolvesamulti-dimensionalstochasticdifferentialequationstructure,
numericalexperimentationsbecomequitedifficult.However,thispaperattemptstoaccomplishthe
numericalexperimentationsfortwodifferentsetsofdata.First,wedemonstratenumericalsimulations
fortherandomstatetrajectoriesandsubsequently,theestimatedstatetrajectories.Here,weutilize
thefollowingfirstsetofinitialdataandsystemparametersforthemachineratingof 4 718. :MW

V V F Hz P
r

= = =6600 60 3, , , R R
s r
= =0 04530 0 08015. , . ,Ω Ω X

r
= 1 1325. Ω 

X X R m
s s
= ′ = =42 5753 1 8779 63. , . , ,Ω Ω x V T

4 0
0 1108 33 1 4215( ) . , . sec= ′ = 

J kg m rad kg m
tot s
ω ρ2 2 2 2 3100 16 1 225= =. / sec , . / 

x m s x x V
1 2 3
0 12 0 0 008845 0 5040 11( ) / , ( ) . , ( ) .= = − = 

i A i A P W
ds qs e
( ) . , ( ) . , .0 585 37 0 199 84 3171817 85= − = − = 

γ = 1, σ β= = −10 2 1m s/ , sec , C
p
( , ) .λ θ = 0 3563 

ThesetofsystemparametersofasmallerpowerratingmachinecanbefoundinLietal.(2006)
inperunitinterpretationaswell.Formoreclarity,wehaveutilizedthedimensionalinterpretationin
lieuofthedimensionlessperunitinterpretation.Notethatthesolidline(-)trajectoriesofFigures
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3-6denote the state trajectories resulting from thenoise-freedynamicsof the stochastic system
consideredhere.ThestochasticcorrectiontermofEquation(2a)isignored.Ontheotherhand,the
dottedline(--)trajectoriesofFigures3-6denotethestochastically-influencedstatetrajectoriesof
thewindturbine-generatorsystem.ThataretheconsequenceofEquations(2a)-(2d)ofthepaper.
Thedifferencebetween the solid line anddotted line trajectories,Figures3-6, suggests that the
stochastic influence is considerable in three states, slip, the d − axis voltage behind transient
impedanceandtheq −axisvoltagebehindtransientimpedance.Itisimportanttoobservethatthe
noise-freestatetrajectoriesfollowthenoise-influencedstatetrajectories.However,thestochastic
correctiontermintroducesmodificationsintotherandomstatetrajectories.

Here,wesimulatetherandomstatedynamicsofalargerpowerratingmachine.Thesecondset
ofinitialdataandsystemparametersfornumericalsimulationsofthemachineratingof10MW , a
largerpowerratingmachine,isthefollowing:

V V F Hz P
r

= = =8076 55 60 3. , , , R R
s r
= =0 03921 0 01245. , .Ω Ω 

X X X R m
r s s
= = ′ = =0 3685 38 0484 0 7533 85. , . , . ,Ω Ω Ω 

Figure 3. A comparison between unperturbed and stochastic trajectories of the state x1

Figure 4. A comparison between unperturbed and stochastic trajectories of the state x2
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J kg m rad kg m
tot s
ω ρ γ2 2 2 2 31000 16 1 225 1= = =. / sec , . / , 

σ β λ θ= = =−10 2 0 41641m s C
p

/ , sec , ( , ) . 

x m s x x V
1 2 3
0 12 0 0 0096 0 6459 12( ) / , ( ) . , ( ) . ,= = − = x V T

4 0
0 788 49 8 1064( ) . , . sec= ′ = 

i A i A P W
ds qs e
= − = − =1034 56 233 52 6866475 37. , . , . 

Thesetofsystemparametersofthelargerpowerratingmachineinperunitinterpretationcan
befoundinTamura(2012),seeLietal.(2006)aswell.Similartothefirstsetofdata,weadopt
thedimensionalinterpretationofsystemparametersaswell.Notethatthesolidline(-)ofFigures
7-10denotesthestatetrajectoriesresultingfromthenoise-freedynamicsofthestochasticsystem
consideredhereinwhichthestochasticcorrectiontermofEquations(2a)-(2d)isignored.Onthe
otherhand,thedottedline(--)trajectoriesofFigures7-10denotethestochastically-influencedstate
trajectoriesofthewindturbine-generatorsystem.Similarqualitativecharacteristicsoftherandom
statevectorofthewindturbine-generatorsystemaredemonstratedusingthesecondsetofinitial
dataandsystemparametersaswell.NumericalsimulationsdemonstratedinFigures3-6andFigures
7-10suggestthatstochasticconsiderationsareimperativeforlargerandlowerpowerratingwind
turbine-generatorsystems.

Figure 5. A comparison between unperturbed and stochastic trajectories of the state x3

Figure 6. A comparison between unperturbed and stochastic trajectories of the state x4
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Theestimatedstatetrajectoriesarecomparedwithunperturbedstatetrajectories.Thedottedline
(--)trajectoriesofFigures11-13illustratetheestimatedstatetrajectories.Ontheotherhand,thesolid
line(-)trajectoriesdenotetheunperturbedtrajectories.Theestimatedstatetrajectoriesarebounded
continuousthatdemonstratetheeffectivenessofthestateestimationaswellastheparameterestimation
equationsof thepaper.Theestimationequationsof thepaper, (6a)-(6b),haveability topreserve
qualitativecharacteristicsoflinearterms,squarenon-linearityaswellascubicnon-linearityofnon-
linearstochasticdifferentialsystemscompletely.Thatpreservesomeofthequalitativecharacteristics
ofhigher-ordernon-linearitiesaswell.Note that thestateestimationequationscoupledwith the
parameterestimationequations,Equations(7a)-(7b)andEquations(8a)-(8d),arespecificcaseof
Equations(6a)-(6b).Thus, ‘thestateestimationequationscoupledwith theparameterestimation
equations’areeffectiveforstatetrajectoryestimationsofthestochasticsystemofthepaper.

Here,weexplainsuccinctlythequalitativecharacteristicsofthestatex
2

ofthestochasticsystem
ofthepaper.Notethatthestate x

2
denotesthestochasticevolutionoftheslipofthewindturbine-

generatorsystem.Forthegivensetofdataandsystemparameters,themostprobablesliptrajectory
oftheinductionmachineistheboundedcontinuous.Thisconfirmsthegeneraltheoryofinduction
machinesthattheslipofthemachineinthegeneratingmodetakesfinitenegativevaluesonthereal

Figure 7. A comparison between unperturbed and stochastic trajectories of the state x1

Figure 8. A comparison between unperturbed and stochastic trajectories of the state x2
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Figure 9. A comparison between unperturbed and stochastic trajectories of the state x3

Figure 10. A comparison between unperturbed and stochastic trajectories of the state x4

Figure 11. A comparison between unperturbed and estimated trajectories of the state x2
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line.Thus,thenumericalsimulationsuggeststheefficacyoftheconditionalmomentequationsof
thepaper.Theestimatedtrajectoriesofthevoltagestochasticstatesofthemachinecanbeexplained
usingsimilarargumentsaswell.Thus,furtherdiscussionsareomitted.

4. CoNCLUSIoN

Themainachievementof thispaper is todevelopaMarkovianstochasticdynamicsof thewind
turbine-generatorsystem.TheMarkovianstochasticdynamicsisattributedtosmallscaleatmospheric
turbulenceinfluenceonthewindturbine-generatorsystem.Subsequently,wehaveaccomplished
aFokker-Planckanalysisof thestochasticwindenergysystemaswell,which isnotavailable in
literature.ThenumericalsimulationsdemonstratedinFigures3-6aswellasFigures7-10revealthat
thedifferencesbetweentheunperturbedandperturbedstatetrajectoriesbecomeconsiderableforlower
aswellaslargerpowerratingmachines.Thus,thispapersuggeststhatstochasticityconsiderationsare
imperativeinlieuofdeterministicconsiderations.Thispaperconfirmstheuniversalityofsmallscale
turbulence(Schumacheretal.2014)byembeddingthequalitativecharacteristicsofthesmall-scale
turbulenceinthewindspeedevolutionequationviatheItôstochasticcorrectionterm.

Moreprecisely,wehaveaccomplishedthenoiseanalysisofthewindturbine-generatorsystem
from the estimation-theoretic viewpoint by exploiting the Fokker-Planck approach of stochastic
processes.TheFokker-Planckmodelisanadvanced,arefinedmathematicalmethodofstochastic

Figure 12. A comparison between unperturbed and estimated trajectories of the state x3

Figure 13. A comparison between unperturbed and estimated trajectories of the state x4
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processes. That has found its striking applications in deriving estimation algorithms, stability
conditionsandcontrollawsaswellasachievingstochasticbifurcationanalysisofstochasticdifferential
systems.TheFokker-Planckmethodaccounts forstochasticcorrection terms,on theotherhand,
classicalmethodsdonot.

Theestimationequationsforthestatevectorofthewindturbine-generatorsystem,Equations
(7a)-(7b) coupled with Equations (8a)-(8d), will be useful for the control of the state vector
x v s e e
t t d q

T= ′ ′( , , , ) ofthewindturbine-generatorsystemaswell.
Forthesereasons,itisbelievedthatthispaperwillhavelastinginfluencenotonlyinpower

systemsdynamicsliterature,thatwillbeofinteresttoturbulencedynamistspursuingtheirresearch
innon-linearvectorSDEsarisingfromdiversefields,e.g.fluctuatingaerodynamics,andunderwater
vehicledynamics.
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APPENDIX

Equation (4) describes the Fokker-Planck equation of the Itô stochastic differential system. The
alternativeinterpretationoftheFokker-Planckequationinthematrix-vectorformatis:
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TheFokker-PlanckoperatorL(.) thatactsontheconditionalprobabilitydensityforMarkovprocesses
canbestatedalternativelyas:
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Importantly, theFokker-Planckoperatorhas theadjointproperty, i.e. theKolmogorovbackward
operatoristheadjointoftheFokker-Planckoperator.TheKolmogorovbackwardoperator ′L (.) for
theItôstochasticdifferentialsystemis:
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AlternativeinterpretationofthebackwardoperatorofEquation(A1)is:
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MakingtheuseoftheKolmogorovforwardoperator,backwardoperatoraswellasthedefinitionof
theevolutiond x

t
ϕ ( ) ofconditionalmoment(Diaconis,1987),weget:
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After considering ϕ( )x x
t i
=  as well as ϕ( )x x x

t i j
= , we get the exact conditional mean and

conditionalvarianceevolutions,i.e.:

d x f x t dt
i i t
= ( , )  (A2a)



International Journal of System Dynamics Applications
Volume 9 • Issue 1 • January-March 2020

42

dP x f x f f x f x GG x t dt
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 (A2b)

TheAppendixEquations(A2a)and(A2b)canberegardedasasystemoftwocoupledfirst-order
exactdifferentialequations.Afterconsidering thehigh-orderpartialsof thesystemnon-linearity
f x t
i t
( , ) andthediffusioncoefficient GG x tT

ij t( ) ( ), aswellasGaussianassumptions,weareledto

Equations(A2a)-(A2b)ofthepaper,i.e.:
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Q.E.D

AgooddiscussionabouttheabovesystemofequationscanbefoundinSharma(2008)aswell.That
introducesdifferentnotationsandinterpretations.

Remark 3:TheKLexpansionhasprovenusefultodecomposeastochasticprocessinafiniteinterval
onthereallineasaninfinitelinearcombinationoforthogonalfunctionsinL a b2[ , ]. Inthispaper,
amulti-dimensionalnon-linearstochasticdifferentialequationdrivenbytheRayleighprocess
is the subject of investigations. Since the closed-form solution to the non-linear stochastic
differentialequationsisnotpossible,thematrix-vectorcasearises,anddecomposingtheRayleigh
processinaninfinitelinearcombinationwillintroduceformidablecomplexity.Thus,theKL
expansiontotheestimationofnon-lineardynamicsystemsisveryscarce.
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