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ABSTRACT

Thisarticledealswiththesteady-statebehaviorofanMX/G/1retrialqueuewiththeBernoullivacation
scheduleandunreliableserver,underlinearretrialpolicy.Breakdownscanoccurrandomlyatany
instantwhile the server is providing service to the customers.Further, the conceptofBernoulli
admissionmechanismisintroduced.ThismodelgeneralizesboththeclassicalMX/G/1retrialqueue
withunreliableserveraswellastheMX/G/1retrialqueuewiththeBernoullivacationmodel.The
authorscarryoutanextensiveanalysisof thismodel.Namely, theembeddedMarkovchain, the
stationarydistributionofthenumberofunitsintheorbit,andthestateoftheserverarestudied.Some
importantperformancemeasuresandreliabilityindicesofthismodelareobtained.Finally,numerical
illustrationsareprovidedandsensitivityanalysesonsomeofthesystemparametersareconducted.
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1. INTROdUCTION

Retrialqueues(orqueueswithrepeatedattempts)arecharacterizedbythefeaturethatacustomerthat
finds,uponarrival,theserverbusy,isobligedtoleavetheserviceareaandrepeathisdemandforservice
aftersometimecalled“retrialtime.”Betweentrials,theblockedcustomerjoinsapoolofunsatisfied
customers called “orbit.” Queues in which customers are allowed to conduct retrials have been
widelyusedtomodelmanypracticalproblemsintelephoneswitchingsystems,telecommunication
networksandcomputerscompetingtogainservicefromacentralprocessingunit.Moreover,retrial
queuesarealsousedasmathematicalmodelsforseveralcomputersystemssuchaspacketswitching
networks,sharedbuslocalareanetworksoperatingunderthecarrier-sensemultipleaccessprotocol
andcollisionavoidancestarlocalareanetworksetc.Forareviewofthemainresultsandmethods,
thereaderisreferredtothesurveypapersofYangandTempleton(1987),Falin(1990),Kulkarni
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andLiang(1997)andthebookbyFalinandTempleton(1997).Formorerecentreferences,seethe
bibliographicaloverviewsin(Artalejo2010;Artalejo,1999;Artalejo,1999).Further,acomprehensive
comparisonbetweenretrialqueuesandtheirstandardcounterpartswithclassicalwaitinglinescan
befoundinArtalejoandFalin(2002).

Manyofthequeueingsystemswithrepeatedattemptsoperateundertheclassicalretrialpolicy,
whereeachblockofcustomersgeneratesastreamofrepeatedattemptsindependentlyoftherestof
thecustomersintheorbit,i.e.,theintervalsbetweensuccessiverepeatedattemptsareexponentially
distributedwithratenθ (say),whenthenumberofcustomersintheorbitisn.However,thereisa
secondkindofpolicy,calledconstantretrialpolicy,whicharisesnaturallyinproblemswherethe
serverisrequiredtosearchforcustomers(Sengupta1990)andincommunicationprotocolsoftype
carriersensemultipleaccess(CSMA).ThelatterdisciplinewasintroducedbyFayolle(1986),who
investigatedanM/M/1retrialqueueinwhichtherepeatcustomersformaqueueandonlythehead
customersoftheorbitqueuecanrequestaserviceafteranexponentiallydistributedretrialtimewith
someparameterγ(say),i.e.,theretrialrateis( )

,
1

0
− δ γ

n
,where δ

i j,
denotestheKronecker’sdelta,

whenthenumberofunitsintheorbitisn.Farahmand1990)calledthisdisciplinearetrialqueuewith
FCFSorbitretrialpolicy.Choietal.(1992)generalizedthisretrialpolicybyconsideringanM/M/1
retrialqueuewithgeneralretrialtimes.ArtalejoandGomez-Corral(1997)introducedamoregeneral
kindofretrialincorporatingbothpossibilitiesbyassumingthatwhentherearencustomersinthe
system,thetimeintervalsbetweensuccessiverepeatedattemptsareexponentiallydistributedrandom
variableswithparameterθ δ γ

n n
= −( )

,
1

0
,whereθcanbeconsideredastheretrialpercustomerand

γtherateatwhichtheserverseeksserviceforcustomerswheneveritisidle.Suchatypeofretrial
policyisknownasalinearretrialpolicy.Recently,Choudhury(2008)investigatedsuchaqueueing
modelfortwophasesofserviceunderBernoullivacationschedule.

TheclassicalvacationschemewithBernoulliservicedisciplinewasoriginatedandsignificantly
developedbyKeilsonandServi(1986)andco-workers.Kella(1990)suggestedageneralizedBernoulli
schemeaccordingtowhichasingleservergoesoniconsecutivevacationswithprobability p

i
ifthe

queueisemptyuponhisreturn.Attheendofavacationperiod,servicebeginsifacustomerispresent
inthequeue.Otherwise,theserverwaitsforthefirstcustomertoarrive.Awideclassofretrialpolicies
forgoverningthevacationmechanismhasalsobeendiscussedintheliterature.Mostoftheanalyses
forretrialqueuesconcernstheexhaustiveserviceschedule(Artalejo,1997),gatedservicepolicy
(Langaries,1999)andrecentlymodifiedvacationpolicy(Ke&Chang2009).Anumberofpapers
(Ke&Chang,2009;Krishnakumar&Arivudainambi,2002;Krishnakumaretal.,2002;Wenhui,
2005)haverecentlyappearedinthequeueingliteratureinwhichtheconceptofBernoullivacation
schedulehasbeenintroducedundertheFCFSorbitretrialpolicy.Suchtypeofqueueingmodels
occursinmanyreal-lifesituationswheretheservermaybeusedforothersecondaryjobs,forinstance
toservecustomersinothersystems.Allowingtheservertotakevacationsmakesthequeueingmodel
morerealisticandflexibleinstudyingreal-worldqueueingsituations.Applicationsarisenaturally
incallcenterswithmulti-taskemployees,customizedmanufacturing,telecommunicationandcomputer
networks,maintenanceactivities,productionandqualitycontrolproblems,etc.

Thestudyofqueueingmodelswithserviceinterruptionsgoesbacktothe1950s.Amongsome
earlypapersonserviceinterruptions,wereferthereaderstoseethepapersbyGaver(1962),Avi-ltzhak
andNaor(1963),Thirurengadan(1963)andMitranyandAvi-ltzhak(1968)forsomefundamental
works.Lietal.(1997),Sengupta(1990),TakinandSengupta(1998),Tang(1997),amongothers,have
studiedsomequeueingsystemswithinterruptionswhere,inoneoftheunderlyingassumptions,the
servicechannelundergoesrepairinstantaneously,assoonasitfails.Recently,Lee(2018)considered
amodelwherethebreakdowns/repairprocessisnon-stationaryinthenumberofbreakdowns/repairs.
Ontheotherhand,retrialqueuesthattakeintoaccountserversfailuresandrepairswereintroducedby
Aissani(1988)andKulkarniandChoi(1990).Asrelatedliterature,weshouldmentionsomepapers
byAissani(1994;1993),AissaniandArtalejo(1998)andAnisimovandAtadzhanov(1994).Wang
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etal.(2001)studiedarepairableM/G/1retrialqueueingmodelfromtheviewpointofreliabilityfor
thefirsttime,andbothofthequeueingindicesandreliabilitycharacteristicsareobtained.Atencia
etal.(2008)investigateasimilartypeofbatcharrivalretrialmodelunderFCFSorbitretrialpolicy.
ChoudhuryandDeka(2008)investigatesucharepairableM/G/1retrialqueueingmodelwithtwo
phases of service under the classical retrial policy. Although some aspects have been discussed
separatelyonqueueingsystemswithserviceinterruptions,secondoptionalservice,repeatedattempts,
however,noworkhasbeenfoundthatcombinesallthesefeaturestogetherforbatcharrivalqueueing
systems,eveninthemostrecentstudies.Hencetofilluptothisgap,inthisarticleanattempthasbeen
madetostudyanMX/G/1retrialqueuewithBernoullivacationschedulewhichissubjecttoserver’s
breakdown.Further,weintroducetheconceptofcontroloftheadmissionpolicytotheretrialgroup
intheformofBernoulliadmissionmechanism.

In theBernoulliadmissionmechanism,weassumethateach individualblockedcustomer is
admittedtojointheretrialgroupwithaprobabilityϖ ϖ( )0 1≤ ≤ ,independentlyoftheadmission
oftherestofthecustomersarrivinginthesamebatchand/oroftheactualsizeoftheretrialgroup.
ThistypeofmechanismfortheadmissiontotheretrialgroupwasintroducedrecentlybyArtalejo
andAtencia(2004)andChoudhury(2007)forcontinuoustimequeueingmodelsandArtalejoetal.
(2005)foradiscretetimequeueingmodel.Theconsiderationoftheadmissionprobabilityϖcanbe
viewedasafirststeptoextendtheexistingcontrolmechanismforadmissionofcustomersinthe
standardwaitinglinestoqueueswithrepeatedattempts.

ThefirststudyofabatcharrivalretrialqueuewasintroducedbyFalin(1976),whoassumed
thefollowingoperatingrule:“Iftheserverisbusyatthearrivalepoch,thenwholebatchjoinsthe
retrialgroup,whereasiftheserverisfree,thenoneofthearrivingunitsstartsitsserviceandthe
restjoinstheretrialgroup”.ThiskindofpolicyisapplicabletotheperformanceevaluationofLocal
AreaNetworksoperatingundertransmissionprotocolsliketheCSMA/CD(CarrierSenseMultiple
AccesswithCollisionDetection);seeChoietal.(1992).Insuchacontext,messagesofvariablelength
arriveatthestationsandthentheyaredividedintoanumberofpacketsinordertobetransmitted
tothedestinationstation.Ifthetransmissionmedium(i.e.,abusintheengineeringterminology)
isidle,thenonepacketisselectedtobetransmittedautomaticallyandtherestisstoredinabuffer
(i.e.,theretrialgroup).Ontheotherhand,ifthebusisbusy,thentheentirepacketmustbestoredin
thebufferandthestationwillretrythetransmissionlateron.Amorecompletedescriptionofthis
mechanismcanbefoundinYangandTempleton(Yang&Templeton,1987).Somerecentpapers
(Aissani,2000;Artalejo&Atencia,2004;Artalejoetal.,2005;Choudhury,2007;Choudhury&
Deka,2013;Ke&Chang,2009;Kulkarni,1986)discussedmorecomplicatedqueueingsituations
withretrialsandbatcharrivals.However,ourobjectiveinthispaperistoextendtheanalysisofthe
mainMX/G/1retrialqueueunderBernoullivacationschedulewithlinearretrialpolicyandBernoulli
admissionmechanismforanunreliableserverwithaviewtounifyseveralclassesofrelatedbatch
arrivalqueueingsystems.Tothisend,themethodologywillbebasedonacombinationofembedded
Markovchainandinclusionofsupplementaryvariablestechniques.

Therestofthepaperisorganizedasfollows.InSection2,wegiveabriefdescriptionofthe
mathematicalmodel.Section3dealswiththederivationsofthestabilitycriteriaforexistenceofthe
stationaryregimeandstudiestheembeddedMarkovchaindescribingthebehaviorofthesystemsize
distributionatadepartureepoch.Section4dealswiththederivationsofthestationarydistribution
ofthestateoftheserverandthenumberofcustomersintheorbit.Someimportantperformance
measuresarederivedinSection5.NumericalillustrationsarepresentedinSection6.

2. THe MATHeMATICAL MOdeL

WeconsideranMX/G/1queueingsystem,wherethenumberofindividualprimarycustomersarrives
tothesystemaccordingtoacompoundPoissonprocesswitharrivalrateλ.Thesizeofsuccessive
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arrivingbatchesisX X
1 2
, ,� whereX X

1 2
, ,� areiidrandomvariables,distributedwithprobability

massfunction(pmf)a P A n n
n
= = ≥{ }, 1 ,probabilitygeneratingfunction(PGF)a z E zX( )= 



 

andfinitefactorialmomentsa E X X X k
k[ ]

[ ( ) ( )]= − − +1 1� .Letϖ ∈ ( , ]0 1 betheprobabilityof

admissionforeachindividualcustomerandb
n

betheprobabilitythatabatchofnunitsjoinsthe
system.Then,forn ≥ 0 ,wehave(Artalejo&Atencia,2004):

b a
k

k

k
0

1

1= −
=

∞

∑ ( )ϖ 

b a n
n k n

k n k n

k n

= ( ) − ≥−

=

∞
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such that the relationshipbetween thePGFsof the sequences { ; }a n
n
≥ 1  and { ; }b n

n
≥ 0  is

givenby:

b z z b a zn
n

n

( ) ( )= = − +( )
=

∞

∑
0

1 ϖ ϖ 

Inparticular,ifϖ = 1 ,(i.e.,thereisnocontrolofadmissiontothesystem),thena z b z( ) ( )= .
Further,ifwedenotebyb

k[ ]
thekthfactorialmomentofb z( ) ,thenwehaveb a

k
k
k[ ] [ ]
.= ϖ

TheserverprovidesapreliminaryservicedenotedbyB toallarrivingcustomers.Theservice
timerandomvariablefollowsagenerallawwithprobabilitydistributionfunction(df)B x( ) ,Laplace
StieltjesTransform(LST)β*( )s E e sB= 





− andfinitekthmomentβ( )k .Whiletheserverisworking
withtheprimarycustomers,itmaybreakdownatanytimeandtheservicechannelwillfailforashort
intervaloftime.Theserviceinterruptions,i.e.,server’slifetimes,aregeneratedbyanexogenous
Poissonprocesseswithrateα .Assoonasabreakdownoccurs,theserverissentforrepair,during
whichtimeitstopsprovidingservicetothearrivingbatchofcustomers.Thecustomerjustbeing
servedbeforeserverbreakdownwaitsfortheservertocompleteitsremainingservice.Therepair 
time (denoted byG ) distribution is assumed to be arbitrarily distributed with dfG y( ) , LST
G s E e sG*( )= 





− andfinitekthmoment g k( ) .Immediatelyaftertheserverisrepaired,theserveris
readytoresumeitsremainingservicetotheprimarycustomersandinthiscasetheservicetimesare
cumulative,whichwemayrefertoasgeneralizedservicetimes.Nowifwedefine B n

c n,
; ≥{ }1 as

a sequence of iid random variables for generalized service time with df B x
c
( )  and its LST

H s E e sBc*( )= 





− ,thenwehave:

H s e e
x

n
G s dB xsx x

n

n

n
i* *( )
( )

!
( ) ( )=
















 =− −

∞

=

∞

∫∑ α α

00

ββ α* *s G s+ − ( )( )( )1  (2.1)

After each service completion the server takes a Bernoulli vacation, i.e., after each service
completiontheservermaygoforavacationofrandomlengthV withprobabilityp or,withprobability
q ,hemayservethenextunit,ifany,where p q+ = 1 .Thevacationtimedistributionisassumed
tobeagenerallawwithdfV y( ) ,LST ϑ* s E e sV( ) = 





− andfinitekthmomentV k( ) .Thistypeof
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modelisknownasabatcharrivalqueuewithunreliableserverandBernoullivacationschedulebased
onasinglevacationpolicy.ItshouldbenotedherethatamodelofsimilarnaturewasstudiedbyLi
etal.(1997)forthesingleunitarrivalcase.Now,forfurtherdevelopmentforsuchatypeofmodel,
wemayfurtherintroducetheconceptofrepeatedattemptsunderalinearretrialpolicywithBernoulli
admissionmechanism,whereprimarycustomersfindingtheserverfreeuponarrivalautomatically
start theirservice.However, if theprimarycustomerfinds theserverbusy,onvacationordown
(attendingtherepairjob),thenhejoinsagroupofunsatisfiedcustomers,i.e.,orbit,toseektheservice
againandagain,untilhefindstheserverfree.Thetimeintervalbetweensuccessiverepeatedattempts
isassumedtobeexponentiallydistributedwithrate θ θ

n
n= + −( )γ δ1

0n,
,whenthenumberof

customersintheretrialgroup,i.e.,orbitsize,isn ≥ 0 .
Further,weassumethattheinputprocess,theintervalsbetweensuccessiverepeatedattempts,

theserver’slifetime,theserver’srepairtime,theserver’svacationtimeandtheservicetimerandom
variablesaremutuallyindependentofeachother.

3. eMBedded MARKOV CHAIN

Let t
n

bethetimeinstantatwhichthenthservicecompletionoccurs,i.e.,weconsidertheepoch
atwhichthegeneralizedservicetimerequestedbyacustomerexpires,andN t( ) betheorbitsize
attimet.Then,thesequenceX N t

n n
= ( ) formsaMarkovchainwhichisanembeddedMarkov

renewalprocess.Thesequence X n
n
; ≥{ }0 isahomogeneousMarkovchainwithrespecttothe

followingtransitions:

X X j
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1

with probability
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0
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whereS
n

isthenumberofcustomersthatarriveduringthenthmodifiedservicetimeandifthenth
customer in serviceproceeds fromabatcharrival thenW

n
 represents thenumberof customers

admittedtojointhesystem.Therateλ
0

isequaltoλ 1
0

−( )b .
Nowitisnotdifficulttoseethat X n

n
; ≥{ }0 isirreducibleandaperodic.Toproveitsergodicity,

weshalluseFoster’scriterion,whichstatesthatanirreducibleandaperiodicMarkovchainisergodic
ifthereexistanon-negativefunction f e e( ), ≥ 0 and ε > 0 suchthat:

φ
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E f X f X X e= ( )− ( ) =
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isfiniteforalle ≥ 0 andϕ ε
e
≤− foralle ≥ 0 ,exceptperhapsafinitenumber.Inourcase,we
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where:

ρ λ β α λ
H

b g p b v= +{ }+[ ]
( ) ( )

[ ]
( )

1
1 1

1
11 

Clearly,ifρ
H

satisfiesfollowingconditionsviz:

1. If γ > 0 andθ = 0 ,then:

ρ
λ γ

λ β α ν γ
H

g p

<
+

+ +( )+





 +

( ) ( ) ( )
−

0

0

1 1 1
1

1



2. Ifγ ≥ 0 andθ > 0 ,thenρ
H
< 1 andthenwehave lim

j j→∞
<ϕ 0 .Hence,theembeddedMarkov

chain X n
n
; ≥{ }0 isergodic.

ThenecessaryconditionfollowsfromKaplin’sconditionasnotedinSennottetal.(1983)namely,
ρ
H
<∞ as j > 0 andthereexists j

0
suchthatρ

H
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0
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≥ 0 .
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n
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and b j
j
k( ); ≥{ }0 isthenfoldconvolutionofthesequence b j

j
; ≥{ }0 withitself.Then,theKolmogorov

equationsassociatedwiththeMarkovchain{ ; }X n
n
≥ 0 canbewrittenas:
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NowsolvingtheabovedifferentialEquation(3.4),wegetthefollowing:
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3. If γ > 0 andθ = 0 ,then:
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−

z

1

 (3.10)
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where:

π
λ

ρ γ
ρ λ γ β α ν ρ

0
0

0

1 1 1
1 1= −( ) +( ) +( )+{ }−











( ) ( ) ( )

H
H H

g p 

Remark 3.1:Byputting z = 0 in(3.4)for γ = 0 and θ > 0 ,since π λϕ
0

0= ( ) thenutilizingit
in(3.19)for z = 0 ,weget:

π
ρ λ

λ θ
λ

λ ϑ λ β

ϑ
0

0

1

0

1 1
=

−( )
−

+ ( ){ } ( )
+





H

b

u q p u A u

q p
exp

( ) ( ) ( )* *

* λλ β( ) ( )*u A u u

du

u( ){ } ( )−
























∫

0

1






 (3.11)

Itshouldbepointedherethatthelimitingprobabilities π
j
j; ≥{ }0 canbecomputed

recursively from Equation (3.1) and the expression (3.8) or (3.10) or (3.11) for π
0

,
dependinguponthenatureofretrialpolicies.Thecomputationoftheintegralsh

j
andm

j


arereducedtoexplicitexpressionsinthecaseofmanystandardservicetimeandvacation
timedistributions.

Remark 3.2:Theresultinthissectionisquitegeneralandcoversmanypracticalsituations.For
example, let us consider the situation when α = 0 , then β β λ λ* *( ( )) ( ( ))A z b z= − ,
ρ λ β
H

b pv= +{ }[ ]
( ) ( )

1
1 1 ,andtherefore,wehave:

π
ρ ϑ λ λ β λ λ

( )

* *

z
b z q p b z b z

b

H
=

−( ) − ( )



 + − ( )( )





− ( )( )



1 1

1 
+ − ( )( ){ } − ( )( )−





q p b z b z zϑ λ λ β λ λ* *


× −
+ −( ){ } −( )

+ −( ){ }
exp

( ) ( ) ( )

( )

* *

* *

1
0θ
λ

λ ϑ λ λ β λ λ

ϑ λ λ β

u q p b u b u

q p b u λλ λ−( )−





























∫
b u u

du

u
z ( )

1



and:

π
ρ

θ
λ

λ ϑ λ λ β λ λ
0

1

0

1 1
=

−( )
−

+ − ( )( ){ } − ( )( )
+





H

b

u q p B u b u

q
exp

( ) * *

pp b u b u u

du

uϑ λ β λ λ* * ( )− ( )( ){ } −( )−

















 ∫
0

1















whichisconsistentwiththeresultobtainedbyChoudhury(2007)for β λ λ
2

1*( ( ))− =b z andthe
resultobtainedbyFalinandTempleton(1997)forp = 0 (i.e.,thereisnoBernoullivacationschedule)
andϖ = 1 (i.e.,thereisnocontrolofadmissiontojoinintheretrialgroup).
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4. STATIONARy dISTRIBUTION OF THe NUMBeR OF 
UNITS IN THe ORBIT ANd STATe OF THe SeRVeR

Inthissection,wefirstsetupthesystemstateequationsforitsstationarysystemsizedistributionby
treatingtheelapsed service time,theelapsed vacation timeandtheelapsed repair timeoftheserver
assupplementaryvariables.ThenwesolvetheequationsandderivethePGFsofthestationarysystem
sizedistribution.Assumethatthesystemisinsteady-stateconditions.LetN t( ) betheorbitsize
(i.e.,thenumberofcustomersintheretrialgroup)attimet,B t0( ) betheelapsedservicetimeofthe
customerattimet.Inaddition,letV t0( ) andR t0( ) betheelapsed vacation timeandelapsed repair 
timeoftheserverduringwhichbreakdownoccursinthesystemattimet.Further,weintroducethe
followingrandomvariable:

Y t

t

t
( )

, ,

,
=

0

1

if the system is idle at time

if the server is busy at time ,,

, ,

,

3

4

if the server is on vacation at time

if the system is under re

t

ppair during service at timet













SothatthesupplementaryvariablesB t V t0 0( ), ( ) andR t0( ) areintroducedinordertoobtaina

bivariateMarkovprocess N t X t( ), ( ){ } ,whereX t( )= 0 ifY t( )= 0 ,X t B t( ) ( )= 0 ifY t( )= 1 ,
X t V t( ) ( )= 0 ifY t( )= 2 ,andX t R t( ) ( )= 0 ifY t( )= 4 .Next,wedefinethefollowinglimiting
probabilitiesforn ≥ 0 :

ψ
n t r

P N t n X t= = ={ }
→∞
lim ( ) , ( ) 0 

P x dx P N t n X t B t x B t x dx
n t r
( ) lim ( ) , ( ) ( ); ( )= = = < ≤ +{ }

→∞

0 0 ;x > 0 

Q y dy P N t n X t V t y V t y dy
n t r
( ) lim ( ) , ( ) ( ); ( )= = = < ≤ +{ }

→∞

0 0 ;y > 0 

R x y dy P N t n X t R t y R t y dy B t x
n t r
( , ) lim ( ) , ( ) ( ); ( ) ( )= = = < ≤ + ={ }

→∞

0 0 0 ;( , )x y > 0 

Further,itisassumedthatB B G G( ) , ( ) , ( ) , ( )0 0 1 0 0 1= ∞ = = ∞ = andthatB x( ) iscontinuous
atx = 0 andV y( ) andG y( ) arecontinuousaty = 0 ,respectively,sothat:

µ( )
( )

( )
;x dx

dB x

B x
=
−1

η( )
( )

( )
;y dy

dV y

V y
=
−1

ζ( )
( )

( )
y dy

dG y

G y
=
−1



arethefirstorderdifferential(hazardrate)functionsofB,VandG,respectively.
Firstofall,letusinvestigatethestabilityconditionofourmodel.Let t n Z

n
; ∈{ }+ bethesequence

ofepochsofthenthtotalservicecompletionepoch,i.e.,epochatwhichtheservicerequestedbya
customerexpires.Then,thesequenceN N t

n n
= +( ) formsaMarkovchain,whichisembeddedin

ourqueueingsystem.
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SincethearrivalprocessisaPoissonprocess,itcanbeshownfromBurke’stheorem(Cooper,
1981)thatthesteady-stateprobabilitiesofthebivariateMarkovprocess N t X t( ), ( ){ } existandare

positiveunderthesameconditionas X n
n
; ≥{ }0 .

4.1. The Steady-State equations
TheKolmogorovforwardequationstogovernthesystemundersteady-stateconditions(Cox,1955)
canbewrittenasfollows:

d

dx
P x x P x b P x y R x y dy
n n k

k

n

n k n
( ) ( ) ( ) ( ) ( ) ( , )+ + +



 = +

=
−∑λ α µ λ ζ

0 00

0
∞

∫ ≥;n  (4.1)

d

dy
Q y y Q y b Q y n
n n k

k

n

n k
( ) ( ) ( ) ( );+ +


 = ≥

=
−∑λ η λ

0

0  (4.2)

d

dy
R x y y R x y b R x y n
n n k

k

n

n k
( , ) ( ) ( , ) ( ; );+ +


 = ≥

=
−∑λ ζ λ

0

0  (4.3)

λ θ ψ η µ
0

0 0

0+( ) = ( ) + ≥
∞ ∞

∫ ∫n n n n
y Q y dy q x P x dx n( ) ( ) ( ) ;  (4.4)

Thesesetsofequationsaretobesolvedundertheboundaryconditionsatx = 0 :

P b n
n i

i

n

n i n n
( ) ;0 0

1

1

1 1 1
= + ≥

=

+

− + + +∑λ ψ θ ψ  (4.5)

aty = 0 :

Q p x P x dx n
n n
0 0

0

( ) = ( ) ( ) ≥
∞

∫ µ ;  (4.6)

andaty = 0 forfixedvaluesofx :

R x P x x n
i n n,
( , ) ; ,0 0 0= ( ) > ≥α  (4.7)

withthenormalizingcondition:

ψ
n n n n

n

P x dx Q y dy R x y dxdy+ ( ) + ( ) + ( )















=

∞ ∞∞∞

=

∞

∫ ∫∫∫∑
0 0000

; 11  (4.8)
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4.2. The Model Solution
TosolvethesystemofEquations(3.1)-(3.7),letusintroducethefollowingPGFsfor | |z < 1 :

R x y z z R x yn
n

n

( , ; ) ( ; )=
=

∞

∑
0

,R x z z R xn
n

n

( , ; ) ( ; )0 0
0

=
=

∞

∑ ,ψ ψ( )z zn
n

n

=
=

∞

∑
0



Q y z z Q yn
n

n

( ; ) ( )=
=

∞

∑
0

,Q z z Qn
n

n

( ; ) ( )0 0
0

=
=

∞

∑ ,

P x z z P xn
n

n

( , ) ( )=
=

∞

∑
0

,P z z Pn
n

n

( , ) ( )0 0
0

=
=

∞

∑ 

Letλ λ( ) ( ( ))z b z= −1 ,thenproceedingintheusualmannerwithEquation(4.2)and(4.3),we
getasetofdifferentialequationsofLagrangiantypewhosesolutionsaregivenby:

Q y z Q z V y z y y( ; ) ( ; )[ ( )]exp{ ( ) };= − − >0 1 0λ  (4.9)

R x y z R x z G y z y y( , ; ) ( , ; )[ ( )]exp{ ( ) };= − − >0 1 0λ  (4.10)

whereR x z( , ; )0 canbeobtainedfromEquations(4.7).Simplificationyields:

R x z P x z( , ; ) ( ; )0 = α  (4.11)

SolvingthedifferentialEquations(4.1),weget:

P x z P z B x A z x x( ; ) ( ; )[ ( )]exp{ ( ) };= − − >0 1 0  (4.12)

whereA z z G z( ) ( ) ( )= + − ( )( )λ α λ1 .Now,multiplyingbothsidesofEquations(4.5)and(4.6)by

zn andthentakingthesummationoverallpossiblevaluesofn ≥ 0 ,wegetonsimplification:

P z z z z z
z

( , ) ( ) ( ) ( )/0
0

1 0= + −( ) + −−ψ λ γ λ θψ
γψ

 (4.13)

Q z pP z A z0 0; ; *( ) = ( ) ( )( )β  (4.14)

Similarly,fromEquation(4.4)afterutilizing(4.14),weget:

λ γ ψ γψ θ ψ ϑ λ β
0 0

0+( ) ( )− + ( ) = + ( )( )



 ( )( ) ( )z z z q p z A z P z/ * * ;  (4.15)

Wenowcombine(4.13)and(4.15)toget:
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P z
z z

q p z A z z
( , )

( ) ( )
* *

0 =
+ ( )( )



 ( )( )−

ψ λ

ϑ λ β
 (4.16)

and:

θ ψ λ γ
λ ϑ λ β

ϑ λ β
z z

z q p z A z

q p z

/

* *

*
( )+ + −

( ) + ( )( )



 ( )( )( )

+ ( )( )( )0 ** A z z
z

( )( )




−





















( ) =ψ γψ
0

 (4.17)

whichisalmostasimilartypeofexpressionwithexpression(3.4)ofSection3.Hence,thesolutionof
Equation(4.17)canalsobeobtainedfromTheorem3.1.Toobtainthesolutionof(4.17),weutilizethe
classicallimitingtheoremofMarkovregenerativeprocessesestablishedinÇinlar(1975)andwemaywrite:

ψ
π τ

π τ
j

n n
n

n n
n

j
j=

( )

( )
≥=

∞

=

∞

∑

∑
0

0

1

0;  (4.18)

wheretheexpectedamountoftime τ
n
j( ) spentbyatestunitintheretrialgroupis j ,whenthe

systemisidleduringtheservicecycle,giventhatatthebeginningoftheintervalthenumberofunits
intheretrialgroupwas ' 'n .Similarly, τ

n
1( ) istheexpectedlengthoftheservicecyclegiventhat

atthebeginningofthisintervalthenumberofunitsintheretrialgroupwas ' ' .n Nowforourmodel:

τ
λ θ

β α ν
n

n

g p n1
1

1 0
0

1 1 1( ) =
+

+ +( )+ ≥( ) ( ) ( ); 

Hencethemeanservicecycleisgivenby:

π τ λ
n n

n

b1
0

1

1

( ) = 


=

∞






−

∑  (4.19)

Also:

τ
λ θ

δ
n

n
j n

j( ) =
+
1

0
,

 (4.20)

where δ
i j,

denotesKronecker’sdelta.Nowutilizing(4.19)and(4.20)in(4.18),weget:

ψ
λ π

λ θj

j

j

b
j=

+
≥




1

0

0;  (4.21)
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whichcanalsobeconsideredtobeastablerecursiveschemetocalculatethelimitingprobabilities
ψ
j
j ≥( )0 intermsofπ

j
j ≥( )0 fromexpression(4.21).Nowmultiplyingbothsidesof(4.21)by

z j andthentakingthesummationoverallpossiblevaluesof j ≥ 0, wegetfinally:

ψ λ φz b z( ) = ( )


1

 (4.22)

which is the relationship between the two PGFs ψ z( )  and φ z( ) . Hence with the help of this
relationship,onecaneasilyobtainthesolutionof(4.17).Further,let z → 1 in(4.16),weobtainby
L’Hospital’srule:

P
b

H

( , )
( )

[ ]0 1
1

1
1=
−

λ ψ

ρ
 (4.23)

where ρ ρ α λ ν
H

g p b= +{ }+( )





( )
1

1

1

1
1  is theutilization factorof thesystemand ρ λ β

1 1

1= ( )b
[ ]

. .

Thisgives:

P x
b B x

H

( , )
( ) ( )

[ ]1
1 1

1
1=

−



−

λ ψ

ρ
 (4.24)

Q y
p b V y

H

( , )1
1 1

1

1
=

( ) − ( )





−






λ ψ

ρ
 (4.25)

and:

R x y
b B x G y

H

( , , )
( ) ( ) ( )

[ ]1
1 1 1

1
1=

−

 −






−

αλ ψ

ρ
 (4.26)

Hencefromthenormalizingcondition(4.8),weget:

ψ ρ( )1 1= −
H

 (4.27)

Thejointdistributionofthestateoftheserverandthenumberintheorbitresultsissummarized
inTheorem4.1below.

Theorem 4.1:Underthestabilityconditions,thejointdistributionoftheserver’sstateandthenumber
ofunitsintheorbithasthefollowingpartialPGFs:

P x z
z z B x A z x

q p z A z
( ; )

( ) ( )[ ( )]exp ( )

( ) ( )* *
=

− −( ){ }
+ ( ){ } ( )−

λ ψ

ϑ λ β

1

zz
 (4.28)
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Q y z
p z z A z V y z y

q p z
( ; )

( ) ( ) [ ( )]exp ( )

( )

*

*
=

( )( ) − −( ){ }
+ ( ){ }

λ ψ β λ

ϑ λ

1

ββ* ( )A z z( )−
 (4.29)

R x y z
z z B x A z x G y z

( , ; )
( ) ( )[ ( )]exp ( ) [ ( )]exp ( )

=
− −( ){ }× − −(α λ ψ λ

1
1 1 )){ }

+ ( ){ } ( )−
y

q p z A z zϑ λ β* *( ) ( )
 (4.30)

whereA z z G z( ) ( ) ( )*= + − ( )( )λ α λ1 andλ λ( ) ( )z b z= −( )1 .
Next,weareinterestedininvestigatingthemarginalorbitsizedistributionsduetothestateof

theserver.

Theorem 4.2: Under the stability conditions, the marginal PGFs of the server’s state orbit size
distributionsaregivenby:

P z
z z A z

A z q p z A z z
( )

( ) ( ) ( )

( ) ( ) ( )

*

* *
=

− ( )





+ ( ){ } ( )−


λ ψ β

ϑ λ β

1





 (4.31)

Q z
p z A z z

q p z A z z
( )

( ) ( )

( ) ( )

* *

* *
=

( )( ) − ( )





+ ( ){ } ( )−

ψ β ϑ λ

ϑ λ β

1





 (4.32)

and:

R z
G z z A z

A z q p z A
( )

( ) ( ) ( )

( ) ( )

* *

* *
=

− ( )( ) − ( )





+ ( ){ }
α λ ψ β

ϑ λ β

1 1

(( )z z( )−




 (4.33)

Proof:Integrating(4.28)and(4.29)withrespecttox andy ,respectively,thenusingthewell-known
resultsofrenewaltheory:

e B x dx
s

s
sx

i
−

∞

−( ) =
−

∫ 1
1

0

( )
( )*β and e V y dy

s

s
sy−

∞

− ( )( ) =
− ( )

∫ 1
1

0

ϑ*


wegetformulae(4.31)and(4.32).Similarly,integratingequations(4.30)withrespecttoy ,weget:

R x z R x y z dy
G z z B x A z

( , ) ( , ; )
exp*

= =
− ( )( )( ) ( ) − ( )



 − ( )∞

∫
0

1 1α λ ψ xx

q p z A z z

{ }
+ ( )( ){ } ( )( )−ϑ λ β* *

 (4.34)

Furtherintegratingexpression(4.34)withrespecttox ,weclaimedinformulae(4.33).
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Theorem 4.3:Seethefollowing:
a. Let Ω

j
 be the stationary distribution of the number of customers in the orbit, then its

correspondingPGFΩ( )z z Pj
j

j

=
=

∞

∑
0

isgivenby:

Ω( )
( )( )

( ) ( )* * *
z

z z

q p b z b z G b z
=

−

+ −( )



 −( )+ − − ( )

ψ

ϑ λ λ β λ λ α λ λ

1

1 (( )( ){ }− z
 (4.35)

b. LetΦ
j
bethestationarydistributionofthetotalnumberofcustomersinthesystemata

randomepochi.e.,Φ
j j j j j j

P Q R= + −( ) + +{ }− − −ψ δ1
0 1 1 1,

; j ≥ 0 ,thenitscorresponding
PGFisgivenby:

Φ( )
( )( ) ( ) ( )* * *

z
z z q p b z b z G b z

=
− + −( )



 − + − − ( )( )ψ ϑ λ λ β λ λ α λ λ1 1(( ){ }

+ −( )



 − + − − ( )( )( ){ }−

=

q p b z b z G b z z

z

ϑ λ λ β λ λ α λ λ

ψ

* * *( ) ( ) 1

(( )
( ) ( )ψ
ξ

1
z



(4.36)

whereξ z( ) isthePGFofthenumberofcustomerspresentinthesysteminanMX/G/1queuewithBernoulli
vacationscheduleforanunreliableserverunderBernoulliadmissionmechanism,whichisgivenby:

ξ
ρ ϑ λ λ β λ λ α λ λ

( )
( ) ( ) ( )* * *

z
z q p b z b z G b z

H
=

−( ) − + −( )



 − + − − ( )1 1 1 (( )( ){ }

+ −( )



 − + − − ( )( )( ){ }−q p b z b z G b z zϑ λ λ β λ λ α λ λ* * *( ) ( ) 1

 (4.37)

Notethatforα = 0 andϖ = 1 ,theaboveformula(4.37)isconsistentwithexpression(3.16)
ofMadanandChoudhury(2004).

Proof:TheresultfollowswiththehelpofPGFsψ( )z ,P z( ) ,Q z( ) andR z( ) ,wegetthedistribution
ofthePGFofthenumberofcustomersintheorbitas:

Ω( ) ( )z z P z Q z R z= + ( )+ ( )+ ( )ψ 

Bydirectcalculationwecanobtain(4.35).Similarly,result(4.36)followsbycalculating:

Φ( ) ( ) ( ) ( ) ( )z z z P z Q z R z= + + +{ }φ 

Remark 4.1:Itisimportanttonoteherethatthestationarydistributionofthenumberofcustomers
present in thesystemata randompointofanMX/G/1retrialqueuewithBernoullivacation
scheduleandlinearrepeatedattemptsforunreliableserverunderBernoulliadmissionmechanism
giveninEquation(4.36)intermsofageneratingfunctiondecomposesintothedistributionsof
twoindependentrandomvariables:
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a. The system size distribution of an MX/G/1 queue with Bernoulli vacation schedule for
unreliableserverunderBernoulliadmissionmechanism[represented by the second term of 
equation(4.36)];and

b. Theconditionaldistributionofthenumberofcustomersintheretrialgroupgiventhatthe
systemisidle[represented by the first term of equation(4.36)].

ThisconfirmsthedecompositionpropertyofFuhrmannandCooper(1985).Itshouldbepointed
outthatourretrialmodelcanalsobeviewedasaspecialtypeofthenon-exhaustivevacationmodel
wherethevacationsbeginattheservicecompletiontimes.Also,wenotethatasimilarmodelwith
twophasesofserviceandBernoulliadmissionmechanismwasinvestigatedrecentlybyChoudhury
andDeka(2013).

Remark 4.2:Ifwecompareexpression(4.31)withtheexpression(3.5),thenwehave:

π( )
( )

( )/
z

b z

b z
z B z z=

−

( ) − ( ) = ( ) ( )1

1 1
Φ Φ  (4.38)

asexpected,where:

B z
b z

b z
( ) =

− ( )
( ) −( )
1

1 1/


isthePGFofthenumberofcustomersthatarebeforeanarbitrarytestcustomer(taggedcustomer)
inanadmissionbatchinwhichthetaggedcustomerarrived.Thisnumberisgivenasthebackward
recurrencetimeinthediscretetimerenewalprocesswhererenewalpointsaregeneratedbythearrival
sizerandomvariable.NotethatthisisconsistentwiththeresultofFalinandTempleton(1997)of
themainMX/G/1retrialqueuebytaking p = 0 ,α = 0 andϖ = 1 .

5. SOMe PeRFORMANCe MeASUReS

Ournextobjectiveistoprovideexplicitexpressionsforsystemsizeprobabilitiesandperformance
measuresofthesystem.Theresultsaresummarizedinthefollowingtheorems.

Theorem 5.1:Ifthesystemisinsteady-stateconditions,then:

a. TheprobabilitythattheserverisidleisP b g p b
I
= − +{ }−





( ) ( )





( )1 1
1

1 1

1

1λ β α λ γ ;

b. TheprobabilitythattheserverisbusyisP b
B
= ( )λ β

[ ]1

1 ;

c. TheprobabilitythattheserverisonvacationisP p b
V
= ( )λ γ

[ ]1

1 ;

d. TheprobabilitythattheserverisunderrepairisP b g
R
= ( ) ( )λα β

[ ]1

1 1 .

Proof:Notingthat:

P P z
B z
=

→
lim ( ),

1
P Q z
V z
=

→
lim ( )

1


and:
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P R z
R z
=

→
lim ( )

1


and:

P P P P
I B V R
= − − −1 

thestatedformulaefollowbydirectcalculations.
Next,weareinterestedinthemeanorbitsizeandthemeansystemsizeofthismodel.

Theorem 5.2:LetE N
O( ) ,E NS( ) andE N

D
( ) betheexpectednumberofunitsintheretrialgroups,

systemsizeatrandomepochandsystemsizeatdepartureepoch,respectively.Then,underthe
stabilitycondition,wehave:

E N L
M

O
H

( ) = +
−0
0

1 ρ


where:

L

b g g p p

0

1

2
2 1

2
1 2 2 1 1

1 2

=






+( ) + + +




( ) ( ) ( ) ( ) ( ) ( )λ β α αβ ν ν β(( ) ( )+( )











−( )
+
−

1

2 1 1

1α

ρ

ρ

ρ

g
b

H

H R

H

 (5.1)

andM
0

1= ( )ψ/ .Now:

1. If γ > 0 andθ > 0 ,then:

M
b

H

0

1 0
1
0 0

1 1
=

+( )+ +( ) −( )
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2. If γ > 0 andθ = 0 ,then:
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S O H( ) = ( )+ ρ  (5.4)
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whereb
b

bR
=











2

1
2

.

Proof: The proof follows by routine differentiation. So, we just indicate a few steps.
Furthermore,(4.35),(4.36)and(4.38)arevalidforanyretrialpolicy.Theyareobtained
bytakingthefirstderivativeswithrespecttozandthentakingthelimit z → 1 byusing
L’Hospital’s rule. With the help of (4.22) and (3.4), we can obtain the following
differentialequation:
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 (5.6)

Byputting z = 1 in(5.6),wegetformula(5.2)onsimplification.Formula(5.3)followsfrom
(5.6)afterputting θ = 0 andsuitabledifferentiationof(4.33).Finally,(5.1),(5.4)and(5.5)follow
byroutinedifferentiationin(4.35),(4.36)and(4.38),respectively.

Remark 5.1:Theresultobtainedinthissectionisconsistentwiththeexistingliterature.Forexample,
ifwetake γ = 0 ,thenforθ > 0, formula(5.4)reducesto:
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whichistheexpressionforthemeannumberofunitspresentinthesystemfortheexistingmodel
underclassicalretrialpolicy.Nowsupposethat p = 0 (i.e.,thereisnoBernoullischeduleinthe
system)andϖ = 1 (i.e.,thereisnocontrolofadmissiontojointheretrialgroup),thenEquation
(5.7)yields:
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whichistheexpressionforthemeannumberofunitspresentinthesystemforanMX/G/1
retrial queue with classical retrial policy and unreliable server. Note that for α = 0  the
expressionisconsistentwiththeresultsoftheMX/G/1queueunderclassicalretrialpolicy,
e.g.seeFalinandTempleton(1997).Similarly,by taking the limit θ→∞  inexpression
(5.7),weget:
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Notethatforα = 0 ,theaboveexpressionisconsistentwiththeresultobtainedbyMadanand
Choudhury(2004),withoutrestrictedadmissibilityintheirresult.

Finally,weconsidertworeliabilityindicesofthesystemviz-thesystemavailabilityandthe
failurefrequencyunderthesteadystateconditions.LetA t

V
( ) bethesystemavailabilityattime‘t’,

thatis,theprobabilitythattheserveriseitherworkingforacustomerorisinanidleperiod.The
steady-stateavailabilityoftheserverwillbeA A t

V t V
=

→∞
lim ( ) .

Theorem 5.3:Theavailabilityoftheserverandfailurefrequencyoftheserverunderthesteady-state
conditionsarerespectivelygivenby:

A b g p b
V
= − −
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1 1

1

1αλ β λ ν  (5.8)

and:

M
f
= ( )αλβ 1  (5.9)

Proof:Theresultfollowsdirectlybyconsideringthefollowingequations:

A P x dx
V n
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∫α ;1
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Now,since:

1
1

00

−

 = = ( )

∞∞

∫∫ B x dx xdB x( ) ( ) β 

fromEquations(4.24)and(4.27),weget(5.8)and(5.9),respectively.

6. NUMeRICAL ILLUSTRATIONS

WepresentinthissectionsomenumericalillustrationstoshowtheeffectofusingtheBernoulli
admissionmechanismonthesystemperformance,inparticularontheexpectednumberofunits
intheretrialgroupE N[ ]

0
.Forsimplicity,assumethattheservicetime,thevacationtime,and

therepairtimefollowtheexponentialdistributionwithrespectivemeansβ µ( ) /1 1= ,v v( ) /1 1= ,
andg r( ) /1 1= .Also,assumethesizeofarrivingbatchesofunitsfollowsthedisplacedgeometric
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distribution with mean a
[ ]

/ ( )
1
1 1= − ε . Now let us start with the case when the Bernoulli

admissionmechanismisnotimplementedinthesystem.Weconsiderthefollowingbasevalues
forthesystemparameters:λ µ ε µ µ= = = = =0 1 3 5 0 5 2 10. , . , . , ,r v .Wealsotakeα = 0 5. and

p = 0 5. .Inthiscase,weobtainameannumberofunitsintheretrialgroupE N[ ] .
0
0 3001= .

Also,theavailabilityoftheserveris A
v
= 99 31. % andthefailurefrequencyoftheserveris

M
f
= 2 86. % . The effect of the failure rate α and the Bernoulli vacation schedule p on the

expectednumberofunitsintheretrialgroupisshowninFigure1below.Ascanbeseen,E N[ ]
0


increaseaseitherαincreasesorpincreases.

NowtoobservetheeffectoftheBernoulliadmissionmechanismontheexpectednumberof
unitsintheretrialgroup,wecomputeE N[ ]

0
forvariousvaluesofϖ.Theeffectofthefailurerate

andtheBernoullivacationscheduleonemployingBernoulliadmissionmechanismisinvestigated
bychangingthevaluesofαandp.Foreachcombinationoftheparameters,thevalueofE N[ ]

0
is

computedandcomparedtothevalueofE N[ ]
0

whenthereisnoBernoulliadmissionmechanism.
Tables1–3belowshowthevalueoftheeffect:

∆ = −| ( ) ( )E N E N
0 0with Bernoulli admission mechanism withoutBernoullli admission mechanism

| 

whenθ>0(wetookθ=0.5).Tables4–6showthesamequantity∆ whenθ=0(inthiscase,we
tookγ=0.5).Tables1–6allshowthatforafixedvalueofϖ,theeffect∆ increasesaspincreases.
ThisisalsoshowninFigures2and3forsamplevaluesofϖ.However,forafixedvalueofp,Tables
4–6showthat∆ increaseswhenϖincreases,whileTables1–3showthat∆ firstincreasesand
thendecreasesasϖincreases,making∆ aconcavefunctionofϖ.ThisisalsoshowninFigure4
forsamplevaluesofp.

7. CONCLUSION

Wehaveconsideredinthispaperacomplexqueueingsystemthatcombinesmanyofthewell-
knownqueueingtheoryfeatures:batcharrivals,Bernoullivacationschedule,potentialserver
breakdowns,retrialsunderlinearretrialpolicy,andBernoulliadmissionmechanism.Athorough
steady state analysis yields eventually to various performance measures of the system. We

Figure 1. Effect of α and p for ϖ = 1



International Journal of Operations Research and Information Systems
Volume 11 • Issue 1 • January-March 2020

104

Figure 2. Variations of Δ as a function of p when θ > 0 for ϖ = 0.1, ϖ = 0.5, and ϖ = 0.9

Figure 3. Variations of Δ as a function of p when θ = 0 for ϖ = 0.1, ϖ = 0.5, and ϖ = 0.9

Figure 4. Variations of Δ as a function of ϖ when θ > 0 for p = 0.1 and p = 0.9

Table 1. Effect of ϖ and p when θ > 0 for α = 0.1

p = 0.1 p = 0.3 p = 0.5 p = 0.7 p = 0.9

ϖ=0.1 0.3191 0.3210 0.3229 0.3247 0.3266

ϖ=0.3 0.3209 0.3227 0.3244 0.3262 0.3280

ϖ=0.5 0.2707 0.2722 0.2737 0.2752 0.2767

ϖ=0.7 0.1833 0.1843 0.1854 0.1864 0.1875

ϖ=0.9 0.0672 0.0676 0.0680 0.0684 0.0688
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Table 2. Effect of ϖ and p when θ > 0 for α = 0.5

p = 0.1 p = 0.3 p = 0.5 p = 0.7 p = 0.9

ϖ=0.1 0.3248 0.3267 0.3285 0.3305 0.3324

ϖ=0.3 0.3262 0.3280 0.3298 0.3316 0.3333

ϖ=0.5 0.2752 0.2767 0.2782 0.2797 0.2812

ϖ=0.7 0.1864 0.1875 0.1885 0.1896 0.1906

ϖ=0.9 0.0684 0.0688 0.0692 0.0696 0.0700

Table 3. Effect of ϖ and p when θ > 0 for α = 0.9

p = 0.1 p = 0.3 p = 0.5 p = 0.7 p = 0.9

ϖ=0.1 0.3305 0.3324 0.3343 0.3362 0.3382

ϖ=0.3 0.3316 0.3334 0.3352 0.3370 0.3388

ϖ=0.5 0.2797 0.2812 0.2827 0.2843 0.2858

ϖ=0.7 0.1896 0.1907 0.1917 0.1928 0.1939

ϖ=0.9 0.0696 0.0700 0.0704 0.0708 0.0712

Table 4. Effect of ϖ and p when θ = 0 for α = 0.1

p = 0.1 p = 0.3 p = 0.5 p = 0.7 p = 0.9

ϖ=0.1 0.6771 0.6810 0.6850 0.6889 0.6928

ϖ=0.3 0.6357 0.6394 0.6432 0.6469 0.6507

ϖ=0.5 0.5450 0.5483 0.5516 0.5549 0.5583

ϖ=0.7 0.3920 0.3944 0.3970 0.3995 0.4020

ϖ=0.9 0.1570 0.1580 0.1591 0.1602 0.1613

Table 5. Effect of ϖ and p when θ = 0 for α = 0.5

p = 0.1 p = 0.3 p = 0.5 p = 0.7 p = 0.9

ϖ=0.1 0.6888 0.6927 0.6967 0.7007 0.7047

ϖ=0.3 0.6468 0.6506 0.6544 0.6582 0.6620

ϖ=0.5 0.5548 0.5582 0.5616 0.5649 0.5683

ϖ=0.7 0.3994 0.4019 0.4044 0.4070 0.4096

ϖ=0.9 0.1601 0.1612 0.1623 0.1634 0.1645

Table 6. Effect of ϖ and p when θ = 0 for α = 0.9

p = 0.1 p = 0.3 p = 0.5 p = 0.7 p = 0.9

ϖ=0.1 0.7006 0.7046 0.7086 0.7126 0.7166

ϖ=0.3 0.6581 0.6619 0.6658 0.6696 0.6735

ϖ=0.5 0.5648 0.5682 0.5716 0.5751 0.5785

ϖ=0.7 0.4069 0.4095 0.4121 0.4147 0.4173

ϖ=0.9 0.1633 0.1644 0.1656 0.1667 0.1678
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presentednumericalexamplesillustratingtheeffectofsomesystemparametersontheexpected
numberofunitsintheorbit.

Thispapercanbegeneralizedinvariousways.Forexample,itmaybeworthinvestigatinghow
theNpolicywouldimprovetheoptimalmanagementofthissystem.Anotherpossibleextension
wouldbetoconsiderunitsthatrequiretwoconsecutivephasesofservice.
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