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ABSTRACT

Computing education and computational thinking have gained increasing attention in education both as
means to support the learning of other subjects, such as mathematics, science, and humanities, and as
outcomes by themselves. This chapter proposes a focus on teacher knowledge of geometry for computer
graphics used for virtual image manipulation and coding in the context of an online graduate course
for teachers. Teachers were required to design tasks for their classrooms that incorporated the content
of the course and to participate in an online discussion forum. These tasks, along with the discussion
entries, are analyzed, and suggestions are provided for how to incorporate relevant geometrical content
used in computer graphics. Teacher challenges to learn and incorporate this content in the classroom are
addressed, along with recommendations for teacher education. The findings of this study are discussed
in terms of teachers’ knowledge for teaching geometry for computer graphics.

INTRODUCTION

Programs of studies in mathematics at K to 12 levels around the world are slowly introducing new topics
such as cryptography and network (or graph) theory to their curriculum. However, teachers are not likely
to be familiar with these new topics. Addressing this issue, the University of Calgary has developed a
graduate certificate for teachers to explore mathematics beyond what is traditionally included in such
programs of studies, but which can still be taught at school level. One of these courses, Geometry in
Art, Nature and Computer Graphics, specifically addresses mathematical content for virtual image ma-
nipulation. This content is relevant for teachers to incorporate computer education in their classrooms.

The content of this course has not yet been commonly addressed as part of computer education. For
instance, Hubbard (2018), in a review of the literature, noted that scholars included specific topics as
part of teachers’ required knowledge for computing education, namely: arrays, control structures, data
structure, decomposition, direct and indirect referencing, formal language grammar and syntax, functions,
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generalization, input and output, logical thinking, parameters, problem-solving skills, procedures, reus-
ability, thinking in modules, user interface and variables, algorithms, bubble sort, metaphor, programming,
recursion, and unified modelling language. While some of these topics, such as arrays, are very specific,
others, such as problem-solving skills, are more general, with specific skills varying depending on the
subject. In contrast, the content of the course described in this chapter comprises specific geometrical
topics such as proportion, trigonometry, vectors, fractals, transformations, tessellations, and symmetry
in the contexts of their use for image manipulation and animation.

This course also takes a different approach to what has been the predominant focus in the literature on
computer education and computational thinking; namely a focus on teaching either these independently, or
in support to other subjects. For instance, Weintrop and colleagues (2016) draw from the literature, from
interviews with mathematicians and scientists, and from instructional materials to propose a framework
for integrating computational thinking for mathematics and science. The framework consists of four
categories: data practices, modeling practices, computational problem-solving practices, and system-
thinking practices. While some elements that might be related to computer graphics are mentioned,
such as computer simulations and graphical interfaces, the specific mathematical knowledge is not ad-
dressed. The main approach of the framework is to incorporate computational thinking in mathematics
and science instruction, which contrast with the approach of this chapter that focuses on mathematical
knowledge that can support computer education.

The purpose of this chapter is to investigate how geometry for computer sciences can be introduced
in K to 12 education through an analysis of teachers’ task designs for their classrooms and the online
conversations that were part of the graduate course. Teachers’ challenges to learn and incorporate the
content of the course in their classroom offer insights relevant for both the implementation of geometry
for computer graphics at school levels and teacher education in this area. The chapter also discusses the
specialized knowledge required for teaching geometry for computer sciences.

BACKGROUND

Geometry for computer graphics can be loosely defined as the relationships between geometry and pro-
graming, in particular with respect to the manipulation of virtual images. This also includes programing
for robotics, with involves spatial elements. Knowledge for teaching geometry for computer graphics
deserves particular attention, as offered in the next subsection.

Knowledge for Teaching Geometry for Computer Graphics

This study, conducted in the context of mathematics teacher education, is intrinsically related to extensive
scholarly work on mathematics knowledge for teachers that dates back more than four decades. Such
work continues to be a prominent focus in the literature. Early results of this work repeatedly showed
little or no correlation between teachers who possess extensive teachers’ college credits in mathematics
and the performance of their students on standardized tests (Begle, 1972, 1979; Monk, 1994), prompt-
ing the realization that the knowledge required for teaching mathematics should be specialized and go
beyond mere mathematical knowledge.
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Shulman’s (1986) seminal work articulated this point distinguishing between content knowledge
and pedagogical content knowledge. While the former refers to the specific knowledge of a subject or
of professions such as mathematics or computer sciences, the later concerns specialized knowledge for
teaching, including useful forms or representations of concepts or ideas as well as powerful analogies,
illustrations, and examples that can help to make the content accessible to others. Other elements of
this knowledge include common misconceptions and challenges related to learning particular topics.

Since then, the idea of specialized knowledge for teaching mathematics has been reinforced by grow-
ing evidence, as summarized by Baumert and colleagues (2010) in a comprehensive review of empirical
research. They noted that: “Findings show that [teachers’ content knowledge of mathematics] remains
inert in the classroom unless accompanied by a rich repertoire of mathematical knowledge and skills
relating directly to the curriculum, instruction, and student learning” (p. 139). More fulsome accounts
of this research are presented elsewhere (e.g., Ball, Lubienski, & Mewborn, 2001; Blomeke & Delaney,
2012; Hill, Rowan, & Ball, 2005).

A more recent development among researchers has been to attend to the necessarily situated nature
of teachers’ disciplinary knowledge. Ball, Thames, & Phelps (2008), for example, noted that teachers’
mathematical knowledge is not static and argued it should be thought of as knowledge-in-action. More
recently, Blomeke, Gustafsson, and Shavelson (2015) conceptualized competence as a continuum that
includes teachers’ dispositions, situated-specific skills, and performance in class. This pragmatic per-
spective on knowledge for teaching is relevant to this study that looks into teachers’ task designs and
conversations about the implementation of geometrical knowledge related to computer graphics in K
to 12 education.

Manipulating computer graphics not only involves geometry, but also its connections to human per-
ception of the world. For the computer, all the geometric objects are data. The computer is programed
to process these data to render pixel-generated images or frames that change several times per second.
Humans perceive such virtual objects as moving continuously. Similarly, while memory capacity and
process speed limit what a computer can handle, geometry objects, such as lines and planes, are concep-
tualized as infinitely extended. In this sense, virtual worlds do not exist in the computer or internet. We
perceive a coherent image from the computer’s monitor resembling some aspects of our physical world.
Similarly, our world does not exist as a particular geometric entity; rather, we model our world using
geometry. This perspective represents a particular conception of geometry, or mathematics in general
terms, based on human experience, as elaborated below.

An Embodied Perspective on Mathematics

A growing number of scholars share an embodied cognition perspective on mathematics and mathemat-
ics education (e.g., Braithwaite & Siegler, 2018; Davis & Renert, 2014; Davydov, 1990; Duijzer, den
Heuvel-Panhuizen, Veldhuis, Doorman, & Leseman, 2019; Fischer, 2017; Gerofsky, 2016; Lamon, 2012;
Ni & Zhou, 2005; Thom, D’Amour, & Preciado-Babb, 2015). While there are several perspectives on
embodiment in mathematics education as identified by Gerofsky (2016), such perspectives share a focus
on the body with respect to learning. From an embodied perspective of cognition, the role of the hu-
man experience in the environment shapes the way we learn — the environment here not only includes
physical elements such as the space, gravity and biology, but also other elements such as culture and
language, including the role of metaphors in cognition.
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Two particular mathematical concepts are relevant examples of the role of the embodied perspective
on learning for this chapter: number and geometric transformations. Lakoff and Nufiez (2000) elaborated
on how mathematics can be constructed from grounding metaphors based on bodily experience of hu-
mans in the world. They offered four different grounding metaphors for arithmetic operations regarding
particular meanings of number, namely: object collection, object construction, measuring stick, and mo-
tion along a path. The later metaphor for arithmetic corresponds to the number line, which had historical
relevance in the conception of number, as Lakoff and Nifiez posited: “Conceptualizing all (real) numbers
metaphorically as point-locations on the same line was crucial to providing a uniform understanding of
number” (p. 73). Regarding geometric transformations, Thom, et al. (2015) described how students made
sense of transformation through experiences with their body, gesturing, and manipulating furniture to
describe rolling, staking, and sliding.

As most of the images in computer graphics refer to some aspect of the physical world, even in their
representation in two dimensions, the geometry involved in graphic manipulation has a direct connec-
tion to human experience in the world. An embodied perspective on mathematical concepts, therefore,
can inform a teaching approach that incorporates computing education in K to 12. Notice that under this
perspective, geometry for computer graphics can be introduced to students through bodily experiences
without need for a computer. For instance, angles can be introduced through movement and direction at
low grade levels, instead of via the fixed definition using two intersecting lines. This meaning for angle
is particularly relevant in agent-based computation (Francis, Khan, & Davis, 2016; Sengupta, Kinnebrew,
Basu, Biswas, & Clark, 2013), in which people program the behaviour of one or more agents, such as a
character in a video game or a robot’s movement. In agent-based programing, the references for direction
are intrinsic in the sense that they depend on the position and orientation of the agent, as demonstrated,
for instance, in the directive “turn 45 degrees to the right.” This command depends on the position of
the agent, as opposed to other external frames of reference conveyed in commands such as “face north.”

TEACHING GEOMETRY FOR COMPUTER GRAPHICS

Teaching geometry for computer graphics at K to 12 school levels has anumber of potential benefits. First,
teachers can take advantage of the already existing connections to the program of studies. Second, the
explicit application to computers and programing shows the relevance of mathematics in contemporary
society, thus making mathematics content more authentic and relevant to students. Third, this mathemati-
cal knowledge can support classrooms oriented to the use of digital technologies for learning purposes,
such as video game design as a learning activity (e.g., Ke, 2014). Finally, a knowledge of geometry for
computer graphics can support self-directed students in learning about programing. For instance, while
free software for video game design, such as Scratch and Unity, often include tutorials and examples to
guide the learner step-by-step, a knowledge of geometry is essential to understand and engage in provided
examples. This section describes the graduate course for teachers from which the study was conducted,
elaborates on the research methodology of this case study, and the reports the corresponding findings.

48



Geometry for Computer Graphics in K-12 Education

Description of the Course

The course Geometry in Nature, Art, and Computer Graphics is the third component for the four-course
graduate program Contemporary, Emergent Mathematics, co-developed and co-taught by the Werklund
School of Education and the Department of Mathematics and Statistics of the University of Calgary.
This program is based on the premise that contemporary branches in mathematics have a variety of ap-
plications that, with the aid of digital technology, are increasingly common in our society. Some of these
branches and applications have started to appear in different programs of studies in Canada and around
the world — for example, graph theory, cryptography, and programing.

This graduate program introduces teachers to contemporary mathematics and a range of current ap-
plications not traditionally included in the program of studies. The purpose is to explore mathematical
topics, applications, and implications to society that could complement and enrich mathematics education
at K to 12 levels. Each course in the program involves open-ended explorations beneficial for teachers
with different levels of mathematical knowledge and who are interested in learning about the latest ap-
plications of mathematics. Digital technologies play an important role by supporting the exploration
and application of mathematics.

The course Geometry in Nature, Art, and Computer Graphics focuses on the mathematical ideas
around shape and symmetry in nature, in contemporary and classical art, and in computer graphics, in-
cluding algorithms for image representation and manipulation used for diverse applications such as virtual
reality and media communication. It was first taught during the winter 2019 term (thirteen weeks). The
following topics were covered in its first version: proportion in nature and arts; agent-based programing;
trigonometric constructions; image generation through iteration; fractals; symmetry and transformations;
tessellations; and coordinates and vectors. Teachers enrolled in this course were expected to:

e  Develop an understanding of the mathematical principles involved in different applications of
geometry to arts, modeling nature, and computer graphics.

e  Apply geometric concepts in the generation of images using diverse software.
Write recursive codes to generate fractal images using specific computer languages.
Design learning activities for K to 12 levels related to applications of geometry.

This fully online course was delivered through the Desire2Learn (D2L) platform for online courses
and the Zoom tool for synchronous video conferences. D2L was used to introduce course content, share
classroom resources, including links to readings and video, and as a site for ongoing dialogue. Teach-
ers enrolled in the course were required to work on a programming language for image generation. As
the course does not assume a pre-requisite in programming, versions of Logo and Scratch were used
as programming languages. Additionally, GeoGebra was used for image generation and manipulation.

The course involved three learning tasks for teachers. The first learning task comprised weekly discus-
sions and presentations in discussion forums and three two-hour synchronous video sessions. Teachers
were expected to complete the readings for each week, engage in additional tasks, and actively partici-
pate in group discussions. The discussions focused on learning the content of the course, searching and
sharing teaching resources, discussing the implementation of the content in the classroom, and sharing
explorations with the content, including generated images and animations. Teachers were expected to
post content attending to the directions for each week and to respond to at least one of the others’ posts
within the corresponding week. They were also asked to comment on any difficulty, frustration, and
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success while engaging in the activities of the week. The synchronous sessions were used to provide
general information about the course, introduce new topics, and receive feedback from students.

The second learning task in the course consisted of the design of three learning activities for the
classroom, commonly reported as lesson plans. Teachers could work individually or with a partner to
design the learning tasks and illustrate key topics and ideas introduced in the course. They were asked
to submit drafts of their designs for feedback before final submission. The designed tasks should fulfill
the following requirements: be appropriate for grades K to 12; facilitate a deep and rich understanding
of the mathematical topics addressed in the course; include a rationale for the learning task, as supported
by the curriculum; elaborate on the practicalities of its implementation in the classroom; and describe
formative-assessment strategies.

The third learning task of the course consisted of an online laboratory. The purpose was to introduce
new mathematical and computational content and to assess teachers’ understanding of the key mathemat-
ics concepts and procedures used throughout the course. This laboratory consisted of introductions to
the content, including images and video, and quick questions used as a means of formative assessment
to provide feedback to instructors and material that could be adapted and used according to students’
needs. The quiz tool of D2L was used for this purpose; it allowed teachers to see the correct answers
after submission and to re-submit an unlimited number of times.

Purpose and Research Questions

The general purpose of the study reported here is to identify how elements of geometry for computer
graphics can be incorporated in K to 12 education. For this purpose, a qualitative case study approach
(Merriam & Tisdell, 2016; Stake, 2003; Yin, 2015) was followed with a focus on the first cohort of the
Geometry in Nature, Art and Computer Graphics course. This first cohort (winter term, 2019) consisted
of eight teachers from elementary to upper high school. Teachers had diverse backgrounds regarding
mathematics experience: while some had majors in engineering or science, others specialized in subjects
such as arts and physical education.
The results of the study reported in this chapter address the following research questions:

e  How did teachers incorporate elements of the course into learning activities they designed for the
classroom?

e  What challenges and suggestions for incorporating this content in the classroom can be identified
in this implementation of the course?

The answers to these questions also provide ground to identify the particular knowledge required to
teach geometry for computer graphics at school levels.

Case Study as Research Methodology

Although there are multiple perspectives on case study as a research methodology (Yin, 2015), there is a
common agreement that this approach focuses on a phenomenon bounded by a specific unit of analysis
and defined by contextual elements — for example, the cohort of teachers involved in this study. Diverse
authors also agree that case study can draw from a variety of research methods, including quantitative,
qualitative, and mixed methods, depending on epistemological perspectives. The approach taken for this
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research is a qualitative case study drawing from a constructivist perspective, as elaborated by Merriam
and Tisdell (2016). In contrast to the realistic perspective (Yin, 2015), the constructivist perspective
does not assume one single reality; instead, this approach acknowledges different realities, including the
researcher’s perspective (Charmaz, 2006). Scholars such as Stake (2003), Charmaz (2006), and Strauss
and Corbin (1990), agree that methods from grounded theory, such as open and axial coding, are also
suitable for qualitative research, even if the purpose is not the generation of theory.

This research can be considered as an instrumental case study (Stake, 2003), as the purpose is to gain
insight on a particular phenomenon, specifically, how teachers can implement the content of the graduate
course into their own classrooms. Contextual information is also key in case study (Merriam & Tisdell,
2016; Stake, 2003; Yin, 2015). Consequently, the chapter provides specific descriptions of the course
and its implementation, including quotes and excerpts of tasks designed by teachers.

Although results from a qualitative study are not meant to be generalized in the same way that
quantitative studies do, the results here have the potential to inform other teacher professional learning
initiatives targeting computer education and computational thinking.

A common hallmark of case study research is the use of multiple sources of data (Yin, 2015). This
study draws from diverse sources of data, such as assignments submitted by teachers, discussions blogs,
teachers’ feedback, and course design notes from the instructors. These sources of data were used to
support the finding in the study — a process called triangulation.

Six out of the eight teachers enrolled in the course provided consent to use their assignments, posts,
and comments for this study. They requested to use their names when presenting quotes or parts of their
work. The assignments included design of classroom tasks (9 learning tasks), participation in discussion
boards (859 entries), and feedback provided during synchronous, online meetings (3 sessions).

Entries from the discussion board that related to the implementation of the content of the course
into the classroom and to the tasks for the classroom were subjected to open coding (Charmaz, 2006).
This coding process is based on a constant comparative analysis in which codes are compared, revisited,
refined, and blended or split as data are being analyzed. While there was no pre-determined set of codes
before analyzing the data, the specific purpose of the study informed this process, namely, the focus on
how the content of the course could be incorporated into K to 12 education. These codes then informed
the emergence of broader categories, including their relationships between each other — axial coding.
The categories were contrasted with teachers’ comments during the synchronous sessions of the online
course and the tasks designed by teachers. Documents from the course, such as the syllabus, the design
of the online learning platform, and instructor’s notes during design meetings, were used to provide the
contextual description of the course. Finally, findings were shared with participants for their confirma-
tion and feedback, a process called member-checking in qualitative research (Charmaz, 2006).

The analysis of the learning tasks and the posts of the discussion forum resulted in two broad catego-
ries: the role of computer graphics in the designed tasks; and teachers’ learning experience during the
course. The first category can be described as a product, while the second can be described as a process.
Before teachers started to design their tasks for the classroom, they had to engage in the content of the
course. The next two subsections correspond to these two categories and provide an answer to the first
research question. The subsequent subsection focuses on the second research question; the posts in the
discussion forum provided further information about challenges and advice for implementing computer
graphics at school level.
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The Role of Computer Graphics in the Designed Tasks

The nine tasks analysed in this chapter can be classified into three categories depending on the role of
computer graphics in each task: indirect, enrichment, and instrumental. The tasks in which computer
graphics played an indirect role addressed topics related to computer graphics but without any type of
coding or virtual image manipulation. One example of this task is a Grade 6 lesson plan in which students
went to the gym and were required to work with angles in the contexts of ball passes in basketball. Three
students formed a configuration corresponding to a particular position and followed different commands
to pass the ball. Commands included teacher’s calls, such as: “Chest Pass to 90 degrees”; “Bounce Pass
to 270 degrees”; and “Vertex Trade Places with 180 degrees.”

The intention of this lesson was to address angles in a more dynamic way than via the static defini-
tion of angle using two lines. Students’ actions required a conception of angle as movement as they
would have had to turn the corresponding angle to pass the ball. This notion of angle is suitable for
agent-based programing in which the programmer provides direction to the agent (the turtle in Logo
or a robot moving along the floor) to navigate the environment. It is important to notice that teachers
were deliberate in the design of the tasks regarding the connection to computer graphics. Other tasks in
which computer graphics played an indirect role included transformations in the plane, matrices, and
symmetry in the form of self-similarity.

In other designs, computer graphics were used for enrichment after students engaged in the content
of a lesson. For instance, one of the designed learning tasks, a lesson on Golden Ratio, focused on
how to calculate this ratio by deducing a rational equation that could be solved by simplifying it to an
equivalent quadratic equation. The enrichment piece of the lesson consisted of creating routines in Logo
to draw Golden Rectangles and Golden Spirals. For this purpose, the designed lesson included some
pedagogical decisions, such as:

e  Allocating time to learn some basic Logo commands through the use of the Logo cheat sheet
provided.
Allowing students to play with the commands and experience Logo for the first time.
Discussing what would it take to make a Golden Rectangle on the computer screen.

e  Drawing the image, paying attention to every detail of movement (forward, backward, turn and
by how much).

e  Developing a step-by-step program to create a Golden Rectangle with @ =10 and b = 6.180 (the
first value in the previous table).

Some of these pedagogical decisions were implemented in the course and addressed in the discussion
forum, as elaborated in the next subsection.

Finally, in some tasks, the role of computer graphics was instrumental in the sense that it was a main
component of the lesson. For example, one teacher designed a task in which students had to construct
right triangles in Logo. The following excerpt of the lesson plan indicates the purpose and rationale for
the task:
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The point of this activity is to connect the use of code as vehicle for drawing out triangles. It forces the
student to visualize the path in terms of magnitude and direction (connection to physics). Students that
understand how to code in Logo give the teacher another avenue to apply knowledge and hopefully opens
doors for students to explore a new skill. (Dominic)

The lesson begins by asking students to create different right-angle triangles, having defined sides and
angles. Students might have to change the scale of the Logo field to display the shapes in a reasonable
size. Then, the teacher asks students to discuss any difficulties experienced as a class — some students
would likely have difficulty with the rotations — and to show the process in front of the class. Then,
students are asked to create right-angle triangles with specific information and missing angles and/or
sides, such as the right triangle with sides 60, 30 and 40 units. Here, students need to use trigonometric
ratios to find the missing information.

The lesson plan indicates that the teacher should model examples in front of the class, as indicated
below:

Continue with additional examples if necessary to ensure students are comfortable with the code. Show
the process in front of the class. The point of this activity is to connect the use of code as vehicle for
drawing out triangles. It forces the student to visualize the path in terms of magnitude and direction
(connection to Physics). (Dominic)

The lesson plan also includes some elements of debugging, requiring students to modify one of the
following codes to generate an oblique triangle:

Code #1: cs fd 170 rt 180-40.7 fd 23 rt 180-47.3 fd 150
Code #2: cs fd 170 rt 180-40.7 fd 230 rt 47.3 fd 150

Note that the code already considers the supplementary angles instead of the interior angles, such as
180 — 40.7. This is an example of specific geometric knowledge related to computer graphics: Agent-
based programing requires to work with the exterior, instead of the interior angle, which is used when
drawing the triangles by other means.

The lesson plan also incorporates suggestions to support students who struggle to figure out the
mistake in each code:

Emphasize that there is only one side or angle that needs to be fixed to create a proper triangle. Look
for the following strategies:

Students checking to see if all [interior] angles add up to 180°
If angles all add to 180°, students can sketch the triangle with the angles and be able to tell which
side is too short.

e If angles do not add to 180°, students can sketch the triangle with the sides to see which angle
doesn’t add up.

e  Advanced students might discover that you can line up all three proportions using the Sine Law to
see which one was not equal to the others. (Dominic)
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The suggestions for supporting students in this task are specifically related to trigonometry. Yet, the
implication for manipulating computer graphics is relevant as the advice involves verification of geo-
metric elements in the construction of the triangles in agent-based programing.

Teacher’s Learning and Task Design Process

Teachers engaged in learning the corresponding content of the course before they started designing the
learning tasks. Content was provided through the laboratory activities, some readings, and the discussion
forum. The laboratory was intended for formative assessment, rather than for assessing teachers’ under-
standing of the content. The quiz tool in D2L was used for this purpose and teachers received immediate
feedback after each quiz was submitted; they could also resubmit the quiz as many times as they wanted.
Sometimes, teachers were required to generate images from the content provided in the laboratory.

Teachers often considered pedagogical decisions used in the course for their own task designs, as
prompted in the previous subsection. One example was the use of the cheat sheet, a short glossary of
the specific commands needed for engaging in the activities of the course. Teachers appreciated this
resource, as shown in the following excerpt:

Wow, I was away from programming for a few days to mark diploma exams, and when I returned, I felt |
had forgotten everything. I was super grateful for my summary sheet [cheat sheet]. I didn’t have to start
from the beginning. Such a great resource! (Roxanne)

The following example of the laboratory is presented to show several features of the course, some of
which teachers included in their own task designs. The laboratory, 2D Vectors and Tessellations, was
assigned by the end of the course. It included two videos showing how to create a row of equal figures
from a given figure that could be used to tesselate the plane, and then how to copy several rows to create
the tessellation in GeoGebra.

Figure 1 shows the use of the Polygonal command to create the initial shape, named polyl, which
was selected to generate the tessellation. This process can be easily done with the graphic tool instead
of the script, as shown in the video; however, it is presented here as a reference for the reader. Then,
the Sequence command was used to create a row of five shapes with the aid of the Translate command,
which uses a vector for the translation. GeoGebra generated the images in a list named //. The command
Sequence is then used again to copy several rows of the image. In this case, the shape has to move four
units to the right every time it moves two units downwards. So, the command uses the vector (4,-2)
multiplied by the scalar i, that runs from -2 to 2. The command Vector has to be used to create the vec-
tors by multiplying by a scalar.

The design of the course implemented two of the pedagogical practices identified by Weintrop and
colleagues (2016), namely: understanding and modifying others’ scripts; and troubleshooting and debug-
ging. Teachers had access to the script used to generate the tessellations shown in the videos. The purpose
was to help them create their own tessellations by copying the scripts. The laboratory also included quiz
questions intended to identify common issues in a script. Figure 2 shows an example of such questions
that focused on the iteration needed to generate a row of five copies of the original shape. Answering
this question requires attention to both the parameter of the iteration in the command Sequence and the
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Figure la. Scripts in Geogebra used to generate a tessellation. The initial shape was generated as a

polygon with given set of points as vertices.
polyl = Polygon(A,B,C,D,E,F,G,H,1,J)

Figure 1b. Scripts in Geogebra used to generate a tessellation. The initial shape was generated as a
polygon with given set of points as vertices.

(Images created in GeoGebra by Paulino Preciado, 2019 under CC BY NC SA 3.0 https://www.geogebra.org/m/g5avh2js).

11 = Sequence(Translate(polyl,(4*i, 0)),i,-2,2)

12 = Sequence(Translate(l1,Vector(i (2,-4))),i,-2,2)
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Figure 2. Multiple choice question from the laboratory. (Image created in GeoGebra by Paulino Preciado,
2019 under CC BY NC SA 3.0 https://www.geogebra.org/m/g5avh2js).

distance between each copy, corresponding to the scalar by which the vector (1,0) has to be multiplied
— in this case it is 4.
Which of the following scripts can be used to create the row of five shapes in the figure?

a) Sequence(Translate(polyl, (4*i, 0)), i, -2, 2)
b) Sequence(Translate(polyl, (i, 0)), i, -5, 5)
¢) Sequence(Translate(polyl, (2*1, 0)), i, -2, 2)
d) Sequence(Translate(polyl, (i, 0)), i, -2, 2)
Examples of the images generated by teachers are shown in Figure 3. Their initial attempts often

consisted in changing the initial shape, as in part (a) of Figure 3. However, they also generated more
sophisticated examples, as shown in parts (b) and (c).

Figure 3a. Examples of tessellations generated by teachers

(2019 ©, Alisa Cooper, 2019. Used with permission.)
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Figure 3b. Examples of tessellations generated by teachers
Image created in GeoGebra by Krishani Starnes, 2019 under CC BY NC SA 3.0, https://www.geogebra.org/m/dkmmtrma

Figure 3c. Examples of tessellations generated by teachers
(2019 ©, Carissa Hanson, 2019. Used with permission.)
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The tessellation in Figure 3, part (b) was generated using a double sequence and the vectors shown
in the image. The following script was used to generate the tessellation:

Sequence(Sequence(Translate(poly 1, Vector(u*i+v*j)),i,-5,5),j,-5.5)

Finally, the tessellation in Figure 3, part (c) comprised three shapes instead of one: one octagon and
two triangles.

Some posts in the discussion forum also included descriptions of teachers’ attempts to engage in the
corresponding activities. These comments provide some accounts of the teachers’ learning process. The
following script is an example of what teachers shared in the forum:

Paulino’s initial set of instructions for replicating a polygon Sequence(Translate (ql, (i, 0)), i, -3, 3)
was just something I was copying with different shapes at first. But I was frustrated when the shapes
would not do what I wanted them to! I slowly learned by manipulating each variable what the outcomes
would be and was feeling pretty confident by the end that I could create tessellations with this sequence.
I’m still working on vectors and will post more on those soon. A big breakthrough for me was when 1
realized that I could use (Sequence(Translate (18, 1.5 (0, i))), i, -3, 0) to move a group of shapes that
were individually larger than one unit by several spaces so they didn’t overlap (my first ones did) and
to change so I could move the shapes on the x or y axis. (Carissa)
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Three features can be highlighted from this script. Teachers benefit from the initial approach of copy-
ing the script and applying it to a different shape. Second, there was a process of debugging, applying
systematic variation to the variables involved in the script. And third, a realization of the effect that the
scalar — 1.5 in this case — has when multiplied by the vector.

Similar strategies were used for the generation of fractals and other shapes in Logo. Teachers were
requested to create a Logo cheat sheet to record descriptions of the commands they were learning about.
In other cases, teachers were given a particular code and were requested to modify it. As discussed be-
low, some of these strategies were used for their designing of learning tasks for their own classrooms.

The discussion forum provided the environment for learning as a community. Teachers shared and
discussed online resources that could be used to incorporate the content of the course in the classroom.
They also engaged in conversation regarding implementing the elements of computer graphics in their
classroom, as well as their own experience in the engagement with the content of the course. Regarding
their own experience in the content of the course, two specific strategies discussed in the forum were
salient and can inform the design of learning tasks related to this topic. One refers to sketch and conduct
calculations before coding, and the other is about coding step-by-step before implementing an iteration
resulting from using commands such as Repeat in Logo or Sequence in GeoGebra, or using recursion in
the code. Excerpts of the conversations in the forums are offered as follows as a means to illustrate how
teachers talked about these strategies. The first excerpts refer to sketching and drawing before coding:

I found the program pretty easy to follow and realised quite early on that if I want to draw something, 1
would need to draw it out by hand and calculate the dimensions of my drawing beforehand and translate
it to the instructions for the little turtle. So, using a bit of trig, I plotted out my angles and dimensions
on a separate piece of paper and drew out my piece of conceited art. (Dominic)

This comment was seconded by another teacher.

I completely agree with this statement. I really don’t love the educated guess and check method I tend to
use when trying to complete numerous exercises. I prefer to spend my time on paper with sketches and
measurements prior to beginning the coding. Once I have all the details worked out, I can delve into the
code and trouble shoot that. (Roxanne)

The following excerpt demonstrates the strategy of writing a long code before using an iterative com-
mand or a procedure and also provides a sense of how teachers felt in the online community:

Thank you for your response. It made me feel better reading your response. Yes, I too write out the long
code before I add the shorter commands and [parameters].

It’s interesting to reread everyone’s posts at the end of the week and see some common themes. I am
noticing that many of us still proceed by writing everything out in the “long” way before finding more
efficient methods. ... I don’t know about everyone else, but I find it reassuring that we’re all having those
common experiences as we go through this process. (Krishani)
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Finally, the online conversation also included discussion about the curriculum. One particular topic
that permeated through several grade levels is vector, as indicated in the following excerpt:

In Math, we hardly ever explicitly talk about vectors, but we use them all the time. In transformations,
students describe translations with a combination of direction and magnitude — your h and k values are
vectors. In lower [Grade] level transformations, students describe translations in phrases such as “4
units down and 3 units left.” For rates of change, we also calculate slope to find things like velocity, just
like it’s done in Physics, but we tend to stay on our realm of academia rather than stepping on the toes
of the Physics teacher. Our word problems are just one step shy of being physics questions because we
shy away from emphasizing too much on direction and we focus instead on mostly magnitude.

I believe there is a ton of material in High School Math that deals with vectors, but for some reason, we
don’t explicitly use the word vector in discussion. (Dominic)

The previous excerpt also prompts to a potential multidisciplinary approach by stressing the connec-
tion of vectors to physics. Other example of interdisciplinarity included connections to art and physical
education, as elaborated in the lesson plan discussed in the previous subsection related to angle.

Challenges and Suggestions

From the posts in the discussion forum, it was possible to identify teachers’ struggles with parts of the
course; this could provide further guidance for the implementation of computer graphics in the classroom.
A recurrent issue in the course was the different versions of Logo that could be used in the classroom.
The versions vary considerably, and this caused teachers to become frustrated with and distraction from
the content of the course. Here is one example of teachers’ comments on this issue:

Round 2 was definitely a bit more challenging, but still a lot of fun! Since I have been working with
ACSLogo, the programming language is a bit different. I felt pretty deflated the more I tried to program
commands, as I was getting nowhere. Even after searching for different tutorials and videos, I kept hit-
ting some major roadblocks. So, then I jumped ship to TurtleAcademy, in hopes that maybe something
would click there. Unfortunately, continuing to strike out, I was still unable to get that turtle to follow
any of the programmed commands. I couldn’t help but think, I bet my students wouldn’t be having these
issues figuring this out, after blowing me away with their creations last week! (Carlene)

As teachers had different operating systems on their computer, they were able to use different ver-
sions of Logo. We tried to provide different resources and re-write scripts for different versions of Logo
for the teachers, but this was dauting and inefficient. The differences in the versions of Logo go beyond
syntax structure; some commands do not have an equivalent version from one version to the other. The
advice here is to make sure that everyone has access to the same version of the software. Online versions
that work in any platform — for example, Turtle Academy and Logo Interpreter — could be used when
people work with different operating systems.
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Lack of experience programing can also be a source of struggle for both teachers and students. Teach-
ers often reported being afraid of coding as well as feelings of anxiety and frustration while engaging
in coding tasks in the course. It would be important to consider a learning curve for both teachers and
students when using a programing language in the classroom.

The other challenges that were evident in teachers’ posts relate to mathematical knowledge itself and
mathematics in the school curriculum. Some teachers indicated that lacking knowledge about mathemat-
ics prevented them from seeing connections across mathematical topics and grade levels. The following
is an excerpt from an exchange between two teachers:

L also agree with you that students wouldn’t likely make any connections to that image/example indepen-
dently. I am not 100% sure about the Alberta curriculum, but I know that in Saskatchewan tessellations
are included in Math 8, and then don’t show up again. But many teachers also see that as a superflu-
ous unit and it is the one that is most likely to get cut if teachers are running short on time. So, it’s no
wonder that students wouldn’t recognize the tessellating pattern if they only have very limited exposure
to the concept. (Alisa)

Another teacher replied to this post:

You nailed it Alisa. I am currently sitting in a PD next to a junior high math teacher. He said it is part
of the Alberta Math 8 curriculum, but it is often disregarded by the teacher because it doesn’t seem
to have much of a connection to prior skills nor to skills yet to come. It may be brushed over quickly
because teachers don’t have enough exposure to resources that allow for a deeper understanding of
tessellations at all. Time is always a factor when covering curriculum, and sometimes teachers need to
make decisions to delve deeply into some concepts while others are covered superficially. Talking to the
department head of a junior high school, he said tessellations are only covered superficially. (Roxanne)

The point made in this excerpt was further supported by a comment regarding the textbooks used
for teaching:

Today I was going back to the grade 8 textbook to double check something to help me with my own work
in Geogebra. I thought it would be interesting to share the relevant sections of the textbook here. Turns
out that not only does the textbook talks about characteristics of tessellations and how to make them, it
even includes an enrichment activity for creating them with technology. (Alisa)

The previous exchanges suggest that a deeper understanding of the connections between tessellations
and geometric transformations can help teachers identify the relevance of this topic across the program
of studies. For instance, transformations and symmetry are not exclusive to geometry; they also appear
when studying transformations of functions. It seems that a compartmentalized perspective on the pro-
gram of studies prevents teachers from identifying these connections.

Finally, another challenge reported in teachers’ conversations was the lack of time to learn to use new
technologies. This was combined with a lack of confidence and knowledge with the program of studies
for one particular teachers, as illustrated in the following quotes.
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I completely agree with you, Krishani. The time necessary to learn the technology is just not available
to us. In addition, a teacher would have to feel confident enough about the technology to bring it to a
classroom environment. That again takes a lot of time and practice. (Roxanne)

I know from my own experience that I am in the same boat as Krishani. Between time constraints and
my own lack of confidence in the programs I too skipped the enrichment. I was just excited of years when
I got to teach tessellations at all (it was always my last unit, and depending on the group of students
sometimes we took longer in other topics and didn’t get there). Because I was also the Arts Ed teacher
I could sometimes do some tessellation related stuff in that class, but it was never to the same depth of
knowledge as when I taught it in Maths class. (Alisa)

These previous quotes suggest a need for teacher training programs to incorporate some of these
skills to support teachers’ confidence before they try to implement elements of geometry for computer
graphics in their own classroom.

DISCUSSION

This case study sheds light on how teachers can implement elements of computational graphics in K
to 12 education. Shulman’s (1986) classification can be used to identify specific knowledge related to
geometry for computer graphics. The specific content of the course in terms of geometry for computer
graphics corresponds to the interactions of geometry and computer programing. The geometric content
of the course included: proportion and ratios; angles; trigonometry; fractals and tessellations; vectors
and matrices; and transformations and symmetries. The computational content included: general com-
mands and syntax for Logo, Scratch, and GeoGebra; procedures and variables; Repeat and Sequence
commands; and recursion. The content knowledge in this case included intrinsic connections between
the two subjects. For instance, virtual worlds involved in movies and video games are structured by
some type of coordinate system, such as the cartesian plane or the cartesian space for 2D and 3D envi-
ronments. Virtual objects in these worlds correspond to geometrical objects, such as points, segments,
polygons and fractals. Geometrical transformations, including translations and rotations, are used to
animate these worlds.

In addition to this knowledge of the content, teachers need pedagogical, specialized, and curricular
knowledge for teaching computer graphics. The specialized knowledge for teaching differs from the
content knowledge in the sense that it is specialized for teaching. While expert programmers might not
be aware of this knowledge, teachers should be. In this sense, the focus on the difference between mean-
ings related to specific mathematical concepts is relevant for teaching.

This focus allows for the introduction of meanings of mathematical objects relevant for computer
graphics even without the need for start coding. One specific example is the concept of angle, which
is introduced in the Alberta Education (2008) program of studies through the intersection of two lines.
However, in image manipulation, the concept of angle has a more dynamic perspective as it relates to
movements and transformations. Notice that these two meanings for angles are very different. While an
expert (the teacher or a professional programmer) has already blended these two meanings, the learner,
as a novice, has to discern the connection between the two. In this line of thought, the integration of
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computer graphics in K to 12 education can be done by addressing elements already present in the pro-
gram of studies but with different representations of meanings.

Other examples, such as the concept of vector as a magnitude with a direction and geometric trans-
formations, can be enacted by children using manipulatives and their body. Proportion also has a relevant
role when a vector or an image is multiplied by a scalar to shrink or stretch it; this differs from the regular
meaning of multiplication that only involves numbers.

A relevant element of the specialized knowledge for teaching geometry for computer graphics is the
connections between mathematical concepts. For instance, the topic of tessellations is not only relevant
for geometry, but also for algebra when students study transformations and symmetries of functions.

There are also specific elements of programing related to this specialized knowledge, such as the
implementation of recursive algorithms for generating fractals or the use of vectors in different commands:
These require interaction between geometry and programing. The way that the coordinate systems are
used in computer graphics and the need to consider exterior angles when generating polygons in agent-
based programing represent other examples of this interaction.

The pedagogical content knowledge identified in this case study corresponds to the specific decisions
made for teaching. Examples of these decisions are the use of the cheat sheet as a quick reference for
commands while students learn them, or the provision of scripts that students can modify to explore and
build on them. In this case study, systematic variation of specific elements of parameters was a useful
strategy that teachers followed in the course.

One particular difficulty identified by teachers during their learning process was the implementa-
tions of sub-routines or the use of iteration through recursion or through specific commands such as
Repeat and Sequence. Teachers reported that writing the “long” version of the code was useful to later
understand a simplified version. Finally, teachers also reported the need to sketch the drawings and
conduct computations before starting coding. This was later implemented in some of the tasks designed
by teachers in the course.

The data in this case study also prompted knowledge of the curriculum. This was reflected in two
different features. On one hand, a knowledge of the program of studies at different grade levels would
help teachers identify the relevance of some topics, such as tessellations and fractals, to algebra. On the
other hand, being aware of the connexions among different topics would help teachers to pay more atten-
tion to content already included in textbooks, such as tessellations, which, as indicated by one teacher,
is often excluded from teaching; furthermore, some teachers might not even be aware of this content.

RECOMMENDATIONS

The focus of this chapter is already a reminder to pay attention to how subjects such as geometry can
support computer education. The results of this case study can inform education for students and teachers
and the development of curricular materials. The examples provided in the findings can be replicated by
other teachers, who can also search for different resources that could involve computer graphics indirectly
as enrichment or as an instrument to teach other content.

Shulman’s (1986) classification of knowledge for teaching was useful to identify venues for teacher
education programs. Teachers’ learning experiences, reported in the findings of this study, can also be
transformed in recommendations for teacher education. For instance, there is a need to pay particular
attention to topics that were difficult, such as recursion, sub-routines, and commands for iteration.
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Finally, developers of curricular materials such as textbooks and online resources could stress the
connection between different topics and across grade levels so teacher are aware of the relevance of these
topics, as well as the potential opportunities to approach subjects such as algebra from a geometrical
perspective.

FUTURE RESEARCH DIRECTIONS

This case study already shed light into how elements of geometry related to manipulation of computer
graphics can be integrated into the classroom at K to 12 levels; however, similar studies are required
to extend these results. Future venues for research in this direction could include: the communities of
learning that develop in this online course; evaluation of the impact of this course, and other interven-
tions, on teachers ‘classrooms; and an extended conversation on the knowledge for teaching geometry
for computer graphics.

CONCLUSION

An analysis of the online discussions and tasks involved in the course showed how mathematical con-
tent across K to 12 could be addressed in relation to the different geometrical topics of the course, even
though the topics themselves might not be a part of the program of studies at the corresponding grade
levels. These implementations did not necessarily involve adding new content to the program of stud-
ies, but rather addressed the content in a different way. For instance, in the mathematics program of
studies in Alberta, the topic of angles is introduced in terms of the intersection of two lines. However,
for agent-based programing (Sengupta et al., 2013), such as Logo or programing a robot’s movement,
angles are more dynamic with respect to rotations and direction. Similarly, vectors are important in image
manipulation; however, they are not usually presented in the program of studies from the mathematical
perspective. Yet, the main ideas of a vector can be introduced at a lower grade level as actions represented
by magnitude and direction, such as: “walk three steps forward.” An understanding of mathematics as
embodied can help teachers identify these connections.

The findings of this chapter contribute to a debate on the role of mathematics, in particular geometry,
in computer education. The research also contributes to the literature by demonstrating how mathemat-
ics can support computer education as well as how mathematics and computer education can mutually
support each other. Such an approach is currently uncommon in the literature, as discussed at the begin-
ning of the chapter.

Results from this study also begin to shed light on the articulation of specialized and pedagogical
content knowledge specific to geometry for computer graphics. The study has identified some of the
specialized knowledge for teaching in this case, namely, considering meanings of geometrical objects
in a more dynamic way, such as with angles and vectors for transformations. Similarly, pedagogical
knowledge is presented, such as in providing students with a pre-given script to analyze and modify, and
in introducing step-by-step examples before using abstract iterative routines as in repetition or recur-
sion. This initial articulation of knowledge for teaching geometry for computer graphics is a theoretical
contribution that can inform teacher education programs and curricular resources oriented to computer
education.
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KEY TERMS AND DEFINITIONS

Axial Coding: A process of qualitative data analysis in which previously identified categories and
themes are connected together theoretically into broader categories.

Case Study: An umbrella of approaches to research that have in common their focus on a phenom-
enon bounded by a specific unit of analysis and defined by contextual elements, such as space, time,
and demography.

Computational Thinking: An analytic approach to problem solving, designing systems, and under-
standing human behaviours, including practices such as abstraction, decomposition, prediction, problem
representation, simulation and verification.

Embodiment: A perspective on learning that considers the role of the body from different perspec-
tives, including biology, culture, and language.

Geometry for Computer Graphics: Refers to the relationships between geometry and programing,
in particular with the manipulation of virtual images. This includes programing for robotics as spatial
elements have to be considered.

Open Coding: A method for qualitative data analysis consisting of segmentation of pieces of data
and the assignment of labels or codes to each one. This is usually done as a first step in data analysis
and can be informed by a previous framework; it can also emerge during the analysis (Charmaz, 2006).

Recursion: A mathematical tool that allows algorithms to be defined iteratively. This tool is com-
monly used for programing.

Triangulation: A form of validation for qualitative research consisting of contrasting multiple forms
of data against each other to support the validity of the findings.
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